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Introduction to Normed *- Algebras 
and their Representations, 6th ed. 

Marco Thill 



Preface 

A synopsis of the work is given in the next three paragraphs. 

In part [T| the by now classical spectral theory of Banach *-algebras 



is developed, including the Shirali-Ford Theorem (17.14), which is less 
common for an introduction. 

In part [2| the theory of states on a normed *-algebra is exam- 
ined, stripped of the usual assumptions of completeness, presence of an 
approximate unit, and isometry of the involution. One idea is to con- 
sider continuity of mappings on the real subspace Aga of Hermitian 
elements only. We also exploit the idea of Berg, Christensen, Ressel 



|72[ Theorem 4.1.14], which becomes our items (22.5) - (22.7) This 
deduction of contractivity on Aga from weak continuity on Asa was 
published first (in a different form) in the first edition of this work. 
Rather than merely proving the Gelfand-Naimark Theorem, we attach 
to each normed *-algebra a C*-algebra, which may be used to pull 
down results. The construction of this so-called enveloping C*-algebra 
is one of the main goals of this text. We also give an original proof of 



the Theorem of Varopoulos, cf. § 27 



In part [3} we consider Spectral Theorems using integrals converg- 
ing in norm in the bounded case, and pointwise in the unbounded case. 
Our Cauchy-Bochner type of approach leads to easier constructions, 
simpler proofs, and stronger results than the more conventional ap- 
proach via weakly convergent integrals. We give the Spectral Theorem 
for non-degenerate representations in Hilbert spaces ^ {0} of perfectly 
general commutative *-algebras, rather than only of commutative Ba- 
nach *-algebras, or even only of commutative C*-algebras. This is 
possible at little extra effort, and it does not seem to have permeated 
the mathematical folklore that this is possible at all. We have tried to 
be didactic in our derivation of the main disintegrations (the abstract 
Bochner Theorem as well as the Spectral Theorem), in that we get these 
results in an easy step from the corresponding result for C*-algebras 
by taking an image measure. 

The material is not restricted to unital algebras. Proofs are com- 
plete, and there are plenty of cross-references. 



iv PREFACE 

This book is suitable for accompanying a lecture, or for self-study. 
One of the primary design goals of this text has been that it should 
be able to serve as a reference. It also could function as an under- 
pinning for an intermediate course in representation theory leading to 
the more advanced treatments. Therefore the prerequisite for reading 
this work is a first course in functional analysis, which nowadays can 
be expected to cover the Commutative Gelfand-Naimark Theorem as 
well as its ingredients: the notion of a C*-algebra, the weak* topology 
and Alaoglu's Theorem, as well as the Stone- Weierstrass Theorem. A 
course in integration theory covering the Riesz Representation The- 
orem is needed for the last part of the book on the spectral theory 
of representations. The present text nicely complements the beautiful 
introductory text by Mosak 



What is not included in the text: H*-algebras and group algebras 
are not treated for lack of free energy. We refer the reader to Loomis 
|68] for an introduction to these topics. We have taken a minimalist 
approach, in that we develop only so much of the material as is nec- 
essary for a good grasp of the basic theory. Also, we have avoided 
material on general Banach algebras, which is not needed for Banach 
algebras with involution. In this spirit, the following omissions have 
been made. The holomorphic functional calculus is not developed, as 
we can do with only power series and the Rational Spectral Mapping 
Theorem. Similarly the radical is not considered as we can do with only 
the ^-radical. Neither touched upon are the developments of Theodore 
W. Palmer |33] concerning spectral algebras, which surely is a major 
omission, especially in the present context. 

Now for the "version history" of the work. 

The first four editions were published by Kassel University Press in 
Germany. 

The second edition differs from the first one, in that the first edition 
considered normed *-algebras with isometric involution exclusively. In 
this work, the involution may be discontinuous. I gratefully acknow- 
ledge that Theodore W. Palmer and Torben Maack Bisgaard brought 
to my attention a few crucial mistakes in a draft of the second edition. 

Since the third edition, the work is typeset in Wr^2£, and contains 
an index (with currently more than 450 entries). The content of the 
third edition differs mainly from that of the second edition, in that the 
spectral theory of representations now deals with general commutative 
*-algebras, rather than merely with normed commutative *-algebras. 



PREFACE 



Since the fourth edition, the text is typeset in Aj\yiS-Wr^. Chapter 
|3] has been made completely independent of Chapter [2} and thereby 
freed of the use of the full version of the axiom of choice, cf. (13.111 



The fifth edition features many minor improvements. Six new para- 
graphs have been included: |§ 10[ |§ 16[ |§ 18[ |§ 33[ |§ 40[ |§ 43[ as well as 



45 in the appendix. The material depending on measure theory has 



been made to work with most, if not all, of the prevalent definitions. 
Many thanks to Torben Maack Bisgaard who reported many typos as 
well as a couple of errors (one bad), and who made useful suggestions. 
The sixth edition fixes some minor matters, many of which were 
reported by Torben Maack Bisgaard. Thank you, Torben! 
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Part 1 



Spectral Theory of Banach 
*- Algebras 



CHAPTER 1 
Basic Properties of the Spectrum 

§ 1. *- Algebras and their Unitisation 

(1.1). Definition (algebra). An algebra is a complex vector space A 
equipped with an associative multiplication (a, b) \-^ ah satisfying the 
following laws: 

\{ah) = {Xa)b = a{Xb) 
c{a + b) = ca + cb 
(a + b)c = ac + be 

for all A in C and all a, b, c in A. 

Please note that we consider complex algebras only. 

(1.2). Example (End(V)). If V is a complex vector space, then the 
vector space End(V) of linear operators on V is an algebra under 
composition. (Here "End" stands for endomorphism.) 

(1.3). Definition (*-algebra). A *-algebra is an algebra A together 
with an involution * : A -^ A, a \-^ a* , such that for all A in C and all 
a, b in A, one has 

(a*)* = a (involution) 

(a + b)* = a* + b* 
(ab)* = b*a* 
(Aa)* = Xa* . 
For a & A, the element a* is called the adjoint of a. 



Please note the precise behaviour of the involution as it acts on a 
product. 



4 1. BASIC PROPERTIES OF THE SPECTRUM 

(1.4). Example {B{H)). If iJ is a complex Hilbert space, then the 
algebra B{H) of bounded linear operators on iJ is a *-algebra under 
the operation of taking the adjoint of an operator. 

All pre-Hilbert spaces in this book shall be complex pre-Hilbert 
spaces. 

(1.5). Example (the group ring C[G]). Let G be a group, and let G 
be multiplicatively written. One denotes by (C[G] the complex vector 
space of complex-valued functions a on G of finite carrier: carr(a) = 
{g E G : a{g) 7^ 0}. One may consider G as a basis for C[G]. More 
precisely, for g in G, one may consider the function 6g in C[G] defined 
as the function taking the value 1 ai g and vanishing everywhere else. 
For a in C[G], we then have 

It follows that C[G] carries a unique structure of algebra, such that its 
multiplication extends the one of G, namely 

ab= ^ a{g)b{h)6gf^ {a,beC[G]). 
g,heG 
An involution then is introduced by defining 

a* := Yl ^^g-l (« e C[G]). 

This makes <C[G] into a *-algebra, called the group ring of G. 

(1.6). Definition (Hermitian and normal elements). Let A be a 
*-algebra. An element a of A is called Hermitian , or self-adjoint, if 
a = a*. An element 6 of A is called normal , if b*b = bb*, that is, if b 
and b* commute. Every Hermitian element is normal of course. 

(1.7). Definition (Asa)- If A is a *-algebra, one denotes by Aga the 
set of Hermitian elements of A. Here "sa" stands for "self-adjoint" . 

(1.8). Remark. One notes that an arbitrary element c of a *-algebra 
A can be written uniquely as c = a + i6 with a, b in Aga, namely 
a = (c + c*)/2 and 6 = (c — c*)/(2i). Furthermore the element c is 
normal if and only if a and b commute. Hence: 
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(1.9). Proposition. A *-algebra is commutative if and only if each 
of its elements is normal. 

(1.10). Proposition. If a,b are Hermitian elements of a *-algebra, 
then the product ah is Hermitian if and only if a and b commute. 

(1.11). Definition (unit, unital algebra). Let A be an algebra. A 
unit in A is a non-zero element e oi A such that 

ea = ae = a 

for all a in A. One says that A is a unital algebra if A has a unit. 

Please note that a unit is required to be different from the zero- 
element. An algebra can have at most one unit, as is easily seen. Hence 
any unit in a *-algebra is Hermitian. We shall reserve the notation "e" 
for the unit. 

(1.12). Example. If G is a group with unit e, then (C[G] is a unital 
*-algebra with unit Se- 

(1.13). Definition (unitisation). Let A be an algebra, li A is unital, 
one defines A := A. Assume now that A has no unit. One then defines 
A := C (B A (direct sum of vector spaces). One imbeds A into A via 
a I—* (0, a). One defines e := (1, 0), so that (A, a) = Ae + a for A G C, 
a & A. In order for A to become a unital algebra with e as unit and with 
multiplication extending the one in A, the multiplication in A must be 
defined by 

(Ae + a){^e + b) = (A/i)e + (A6 + /la + ab) (A, fi E C,a,b E A), 

and this definition indeed satisfies the requirements. One says that A 
is the unitisation of A. If A is a *-algebra, one makes A into a unital 
*-algebra by putting 

(Ae + a)* := Ae + a* {XeC,ae A). 

(1.14). Definition (algebra homomorphisms) . Let A,B be algebras. 
An algebra homomorphism from A to -B is a linear mapping n : A ^ B 
such that n{ab) = 7r(a)7r(6) for all a,b & A. If A, B are *-algebras, and 
if vr furthermore satisfies 7r(a*) = 7r(a)* for all a in A, then tt is called 
a *-algebra homomorphism. 
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(1.15). Definition (unital algebra homomorphisms) . Let A, B be uni- 
tal algebras with units ca-, gb respectively. An algebra homomorphism 
TT from A to i? is called unital , if it satisfies vr(eyi) = Cb- 

Our last topic in this paragraph will be subalgebras. 

(1.16). Definition (subalgebra, >K-subalgebra). A subalgebra of an 
algebra A is a complex vector subspace B oi A such that ah E B 
whenever a,b E B. A *-subalgebra of a *-algebra A is a subalgebra B 
of A containing with each element b its adjoint b* in A. 

(1.17). Definition (unital subalgebra). If A is a unital algebra, then 
a subalgebra of A containing the unit of A is called a unital subalgebra 
of A. 

The following two definitions are our own. 

(1.18). Definition (~-unital subalgebra). Let i? be a subalgebra of 
an algebra A. We shall say that B is ""-unital in A, if either B has no 
unit, or else the unit in B also is a unit in A. 

We next define a sensible imbedding. (The only sensible one.) 

(1.19). Definition (the canonical imbedding). Let B he a subalgebra 
of an algebra A. The canonical imbedding of B into A is described as 
follows. If B has a unit, it is the map B ^ A which is the identity 
map on B = B. li B has no unit, it is the only linear map B ^ A 
which is the identity map on B and which maps unit to unit. 

The next statement gives a rationale for the preceding two defini- 
tions. 

(1.20). Proposition. Let B be a subalgebra of an algebra A. Then B 
is ^-unital in A if and only if B is a unital subalgebra of A under the 
canonical imbedding. 
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§ 2. Normed *-Algebras and their Unitisation 

(2.1). Definition (algebra norm, normed algebra, Banach algebra). 
An algebra norm on an algebra A is a norm | ■ | on A such that 

\ab\ < I a I ■ I 6 I 

for all a,b in A. The pair {A, | ■ |) then is called a normed algebra. A 
normed algebra is called a Banach algebra if the underlying normed 
space is complete, i.e. if it is a Banach space. 

(2.2). Example. If \^ is a complex normed space, we denote by B{V) 
the set of bounded linear operators on V. It is a normed algebra under 
the operator norm. If V furthermore is complete, i.e. if it is a Banach 
space, then B(y) is a Banach algebra. 

(2.3). Definition (normed *-algebra, Banach *-algebra). A *-algebra 
equipped with an algebra norm shall be called a normed *-algebra. A 
Banach *-algebra shall be a normed *-algebra such that the underlying 
normed space is complete. 



(2.4). Example {B{H)). If if is a complex Hilbert space, then the 
Banach algebra B{H) of bounded linear operators on if is a Banach 
*-algebra under the operation of taking the adjoint of an operator. 



(2.5). Definition (auxiliary *-norm). Let (A, | ■ |) be a normed 
*-algebra. One says that the involution in A is isometric if 

I a* I = I a I for all a & A. 

One then also says that the norm | ■ | is a *-norm , and that A is 
=i:-normed . If the involution is not isometric, one can introduce an 
auxiliary algebra norm by putting 

II a II := sup { I a I, I a* I } {a E A). 

In this norm the involution is isometric. We shall call this norm the 
auxiliary *-norm. 

We shall reserve the notation || ■ || for the auxiliary *-norm, for 
*-norms in general, and for the norms on pre- C*- algebras in particular. 



see (2.8) below. 
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(2.6). Proposition. Let A be a normed *-algebra. If the involution 
in A is continuous, there exists c > such that 

I a* I < c I a I 

for all a in A. The auxiliary *-norm then is equivalent to the original 
norm. 

(2.7). Example. Let G be a group. One introduces an algebra norm 

I ■ I on C[G] by putting 

|a|:=J]|a(^)| (a G C[G]), 

thus making C[G] into a normed *-algebra with isometric involution. 



(Recall (1.5) 



(2.8). Definition (pre-C*-algebra, C*-algebra, C*-property). We 
shall say that a pre-C*-algebra is a normed *-algebra {A, \\ ■ ||) such 
that for all a G A one has 

1 1 1 1 9 

II a II = II a* a \\ as well as || a || = || a* \\. 

The first equality is called the C*-property. A complete pre-C*-algebra 
is called a C*-algebra. 



Please note that pre-C*-algebras have isometric involution. 

There is some redundancy in the above definition, as the next 
proposition shows. 

(2.9). Proposition. Let {A, || ■ ||) be a normed *-algebra such that 

II II 2 ^ II * II 

II a II ^ II a a II 
holds for all a in A. Then {A, \\ ■ \\) is a pre-C*-algebra. 

Proof. For a in A we have || a || < || a*a \\ < \\ a* \\ ■ \\a\\, whence 
II a II < ||a*||. Hence also || a* || < II ('^*)* II = 11*^117 which implies 
II a* II = II a II- It follows that || a*a || < || a || . The converse inequality 
holds by assumption. D 

(2.10). Corollary. // (iJ, (-,■)) is a Hilbert space, then B{H) is a 
C*-algebra, and with it every closed *-subalgebra. 
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Proof. For a in B{H) and x in if, we have 

II ax II = (ax, ax) = {a*ax, x) < \\ a* ax || • || x || < || a*a || • || x || , 

I/O 

so that upon taking square roots || a || < || a*a || . □ 

The closed *-subalgebras of B{H), with H a Hilbert space, are the 



prototypes of C*-algebras, see the Gelfand-Naimark Theorem (29.5) 



(2.11). Definition (£°°(X),a(X),C(K),Co(f^),Cc(fi)). For a set 
X ^ 0, we denote by £°°{X) the algebra of bounded complex- valued 
functions on X, with pointwise operations. It is a C*-algebra when 
equipped with complex conjugation as involution and with the supre- 
mum norm | ■ |oo as norm. If X 7^ is a Hausdorff space, we denote by 
Ch{X) the algebra of bounded continuous complex- valued functions on 
X. It is a C*-subalgebra of £°°{X). li K y^ is a compact Hausdorff 
space, we have C{K) = Cb{K). Let now Q ^ he a locally com- 
pact Hausdorff space. One denotes by Co(fi) the algebra of continuous 
complex-valued functions on Q vanishing at infinity, i.e. the algebra 
consisting of all continuous complex- valued functions / on ^2 such that 
for given e > 0, there is a compact subset K oi Q with the property 
that \f\<eoSK. Then Co{n) is a C*-subalgebra of Cb{n). One de- 
notes by Cc{^) the algebra of all continuous complex-valued functions 
/ of compact support supp(/) = {x E Q : f{x) 7^ }. Then Cc{fi) is 
a pre- C*- algebra dense in Co(f2). (If / G Co(fi) and / > 0, consider 
(/ — l/n)^ G Cc{^) for all integers n > 1.) 



The C*-algebras Co{Q), with Q a locally compact Hausdorff space, 
are the prototypes of commutative C*-algebras, see the Commutative 



Gelfand-Naimark Theorem (15.8 



We can now turn to the unitisation of normed *-algebras. We shall 
have to treat pre- C*- algebras apart from general normed *-algebras. 

(2.12). Proposition. For a pre- C*- algebra {A, \\ ■ \\) and for a e A, 
we have 

II a II = max { || ax || : x E A, \\x\\ < 1 }. 
If a ^ 0, the maximum is achieved at x = a* /\\ a* \\ . 

(2.13). Corollary. The unit in a unital pre- C*- algebra has norm 1. 
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(2.14). Proposition. Let {A, \\ ■ ||) be a pre-C*-algebra. By defining 

II a II = sup { II ax II : X G A, II X II < 1 } {a & A) 

one makes A into a unital pre-C*- algebra. The above norm extends of 
course the norm in A by\(2.12). 



Proof. Assume that A has no unit. Let a ^ A. One defines a hnear 
operator La : A ^ A hj LaX := ax for x G A. Let A G C, 6 G A with 
a = Xe + b. For x E A with || x || < 1 we have || LqX \\ < | A | + || 6 || , so 
that La is a bounded operator. Furthermore, || a \\ is the operator norm 
of La- Thus in order to prove that || ■ || is an algebra norm, it suffices 
to show that if Lq = then a = 0. So assume that La = 0. For all x in 
A we then have = Lax = Ax + bx. Thus, if A = 0, we obtain 6 = by 



proposition (2.12), It now suffices to show that A = 0. So assume that 
A is different from zero. With g := —b/X G A, we get gx = x for all x 
in A. Hence also xg* = x for all x in A. In particular we have gg* = g, 
whence, after applying the involution, g* = g. Therefore g would be a 
unit in A, in contradiction with the assumption made initially. Now, in 
order to show that {A, || ■ ||) is a p re-C*-algebra, it is enough to prove 

1 /9 I 

that ||La || < II-^q*^ || , cf. (2.9), For x in A, we have 

Mr II 2 II II 2 II / \*/ N II ^ II * II II * II ^ II r II II II 2 

II LaX II = II ax \\ = \\ [ax) [ax) || < || x || ■ || a ax \\ < \\ L^*^ lr II ^ II • 

D 

(2.15). Definition (unitisation) . Let {A, | ■ |) be a normed algebra 
without unit. If A is not a pre-C*-algebra, one makes A into a unital 
normed algebra by putting 

I Ae + a I := I A I + I a I 

for all A G C, a G A. If A is a pre-C*-algebra, one makes A into a 
unital pre-C*-algebra as in the preceding proposition. (See also (7.8)| 
below.) 



(2.16). Proposition. If A is a Banach algebra, then A is a Banach 
algebra as well. 

Proof. This is so because A has co-dimension 1 in A if A has no unit, 
cf. the appendix |(44.2)[ D 
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§ 3. The Completion of a Normed Algebra 

(3.1). Proposition. If {A, \ ■ \) is a normed algebra, and ao,bo,a,b g 
A, then 

I Oo&o — Cib\ < \ a^ \ ■ \ bo — b \ + \ a^ — a \ ■ \ bo — b \ + \ bo \ ■ \ tto — a \- 

It follows that multiplication is jointly continuous and uniformly so on 
bounded subsets. 

(3.2). Theorem (unique continuous extension). Let f be a function 
defined on a dense subset of a metric space X and taking values in 
a complete metric space Y . Assume that f is uniformly continuous 
on bounded subsets of its domain of definition. Then f has a unique 
continuous extension X ^ Y. 

Sketch of a proof. Uniqueness is clear. Let x e X and let (xn) 
be a sequence in the domain of definition of / converging to x. Then 
{xn) is a Cauchy sequence, and thus also bounded. Since uniformly- 
continuous maps take Cauchy sequences to Cauchy sequences, it follows 
that (/(x„)) is a Cauchy sequence in Y, hence convergent to an element 
of Y denoted by g{x), say. (One verifies that g{x) is independent of the 
sequence (x„).) The function x ^-^ g{x) satisfies the requirements. D 

(3.3). Corollary (completion of a normed algebra). Let A be a 
normed algebra. Then the completion of A as a normed space carries 
a unique structure of Banach algebra such that its multiplication 
extends the one of A. 

(3.4). Proposition. If A is a normed *-algebra with continuous 
involution , then the completion of A carries the structure of a Banach 
*-algebra, by continuation of the involution. 

The same is not necessarily true for normed *-algebras with 
discontinuous involution. Indeed, we shall later give an example of a 
commutative normed *-algebra which cannot be imbedded in a Banach 



*-algebra at all. See the remark (30.9) below 



(3.5). Example {1^{G)). If G is a group, then the completion of €[G\ 
is £^(G). It is a unital Banach *-algebra with isometric involution. 



(Recall (1.5) and (2.7) 
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(3.6). Proposition. A normed algebra is a ""-unital subalgebra of its 
completion. (Recall (1.18)\ ) 



Proof. Let A be a normed algebra and let B be the completion of A. 
If A has a unit e, then e also is a unit in B as is easily seen as follows. 
Let h E B and let (a„) be a sequence in A converging to h. We then 
have for example 



he = lim anC = lim a^ 



D 



We shall need the following technical result. 

(3.7). Proposition. Let {A, || • ||) be a pr e-C*-alg ebra without unit. 
Let {A, II ■ 11^) be the unitisation of A as in (2.14) Let {B, \\ ■ \\b) be 



the completion of A. Assume that B contains a unit e. The canonical 
embedding identifies A as a unital algebra with the unital subalgebra 
Ce + AofB, cf \(1.19)\ (See also \(1.20)\ together with either \( 1.1 8)] 



or 



(3.6).) The two norms 



1^ and 



\b then coincide on A. In 



particular, A is dense in (A, 



Proof. For a g A, we have 

II a 11^ = sup { II aa; II : x E A, || x || < 1 } 

= sup { II aa; ||b : a; G A, || s ||b < 1 } 
= sup { II ay lis : y e 5, II y lis < 1 } = || a ||b 
because the unit ball of A is dense in the unit ball of i?, as is easily 
seen. It follows that A is dense in (A, || -11^) = (^5 II ' II a)- '-' 
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§ 4. The Spectrum 

In this paragraph, let A be an algebra. 

We start with a few remarks concerning invertible elements. 

(4.1). Proposition. If a e A has a left inverse b and a right inverse 
c, then b = c is an inverse of a. 

Proof, b = be = b{ac) = {ba)c = ec = c. D 

In particular, an element of A can have at most one inverse. If a, b 
are invertible elements of A, then ab is invertible with inverse b^^a^^. 
It follows that the invertible elements of A form a group under multi- 
plication. 

(4.2). Proposition. Let a,b e A. If both of their products ab and ba 
are invertible, then both a and b are invertible. 

Proof. With c := (a6)"\ d ■= (6a)"\ we get 

e = {ab)c = a(bc) e = c{ab) = {ca)b 

e = d(ba) = {db)a e = (ba)d = b{ad). 

The preceding proposition implies that now 

bc = db = a^^ and ca = ad = b^^. D 

This result is usually used in the following form: 

(4.3). Corollary. If a,b are commuting elements of A, and if ab is 
invertible, then both a and b are invertible. 

(4.4). Proposition. Let a be an invertible element of A. An element 
of A commutes with a if and only if it commutes with a~^. 

Proof. ab = ba ^ b = a'^ba ^ ba'^ = a'^b. D 

(4.5). Definition (the spectrum). For a E A one defines 

sp^(a) := {A G C : Ae — a G A is not invertible in A }. 

One says that sp^(a) is the spectrum of the element a in the algebra 
A. We shall often abbreviate sp(a) := sp^(a). 
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The next result will be used tacitly in the sequel. 

(4.6). Proposition. For a e A we have 

sPa(«) = sPA(a)- 

Proof. The following statements for A G C are equivalent. 

A G sp^(a), 

Ae — a G A is not invertible in A, 

Ae — a G A is not invertible in A (because A = A), 

A G sp^(a). D 

(4.7). Proposition. If A has no unit, then G sp^(a) for all a in A. 

Proof. Assume that ^ sp^(a) for some a in A. It shall be shown that 
A is unital. First, a is invertible in A. So let for example a~^ = ^e + b 
with /i G C, 6 G A. We obtain e = {fie + b)a = fia + ba E A, so A is 
unital. n 

The following Rational Spectral Mapping Theorem is one of the 
most widely used results in spectral theory. 

(4.8). Theorem (the Rational Spectral Mapping Theorem). Let a G 
A, and let r{x) be a non-constant rational function without pole on 
sp(a). Then 

sp(r(a)) = r(sp(a)). 



^j X) 



Proof. We may write uniquely 

r{x) = 7 n ("^ ~ ^) n (/^j' 

where 7 G C and {a^ : i E I}, {Pj : j E J} are disjoint sets of complex 
numbers. The f3j {j G J) are the poles of r[x). The element r[a) in A 
then is defined by 

1 



7 n ("'^ ~ ") n ^f^j 

i&i jeJ 



r[a) := 7 I I l«,;e - a) \ \ [PjC - a) 
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Let now A in C be fixed. The function A — r{x) fias tfie same poles 
as r(x), occurring witli tlie same multiplicities. We may thus write 
uniquely 



-1 



A-r(a;)=7(A) H (4(A) - x) J] (/?. " ^) 

keK(X) j&J 

where 7(A) 7^ by the assumption that r{x) is not constant. Hence 
also 

Ae-r(a)=7(A) J] (4(A)e - a) J] (/3,e - a)-\ 

keK{X) j€J 

By (4.3) & (4.4)|it follows that the following statements are equivalent. 



A e sp(r(a)), 

Ae — r{a) is not invertible in A, 

there exists k such that Sk{X)e — a is not invertible in A, 

there exists k such that 6k{\) G sp(a), 

A — r(x) vanishes at some point Xq G sp(a), 

there exists Xo G sp(a) such that A = r(xo), 

AGr(sp(a)). n 

(4.9). Theorem. Let B he another algebra, and let it : A —>■ B be an 
algebra homomorphism. For a E A we have 

sPB(vr(a))\{0}Csp^(a)\{0}. 

Proof. Let a G A and A G C \ {0}. Assume that A ^ sp^(a). We will 
show that A ^ spg(7r(a)). Let p be the unit in A and e the unit in B. 
Extend vr to an algebra homomorphism li : A ^ B hy requiring that 
TT (p) = e if y4 has no unit. The element Xp — a has an inverse b in A. 
Then tt (6) + A~^ (e — tt{p)) is the inverse of Ae — 7r(a) in B. Indeed we 
have for example 

[n{b) + X~^{e~n{p))] [Ae-7r(a)] 

= [n{b) + X~^{e-n{p))] [n{Xp - a) + X{e -n{p))] 

= n{p) + + + (e - n{p)Y = n{p) + (e - n{p)) = e. D 



For the next result, recall (1.18) - (1.20) 
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(4.10). Theorem. If B is a subalgebra of A, then for an element b of 
B we have 

sp^(6)\{0}csp5(6)\{0}. 
// B furthermore is "" -unital in A, then 

sp^(6) C spb(6). 
Proof. The first statement follows from the preceding theorem. The 



second statement follows from (1.20) D 



See also (10.6) below 



(4.11). Proposition. For a,b e A, we have 

sp(a6) \ {0} = sp(6a) \ {0}. 

Proof. Let A G C \ {0}. Assume that A ^ sp{ab). There then exists 
c E A with 

c(Ae — ab) = (Ae — ab)c = e. 

We need to show that A ^ sp{ba). We claim that A~^(e + bca) is the 
inverse of Ae — ba, i.e. 

(e + bca)(Xe — ba) = (Ae — ba)(e + bca) = Ae. 

Indeed, one calculates 

(e + 6ca)(Ae — 6a) (Ae — 6a)(e + 6ca) 

= Ae — 6a + A6ca — bcaba = Ae — 6a + A6ca — babca 

= Xe — ba + bc{\e — ab)a = Ae — 6a + 6(Ae — a6)ca 

= Ae — 6a + 6a = Ae = Ae — 6a + 6a = Ae. D 

In this paragraph, only the last result relates to an involution. 
(4.12). Proposition. If A is a *-algebra and a e A, then 



sp(a ) = sp(a). 
Proof. This follows from (Ae — a)* = Ae — a*. D 

It follows that the spectrum of a Hermitian element is symmetric 
with respect to the real axis. It does not follow that the spectrum of a 
Hermitian element is real. In fact, a *-algebra in which each Hermitian 



element has real spectrum is called a Hermitian *-algebra, cf. § 11 
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§ 5. The Spectral Radius Formula: r^() 
(5.1). Reminder. For < c < oo, we have 

c^'" = exp ( 1/n ■ Inc) -^ 1 (n ^ oo). 



(5.2). Definition (r^(a)). If A is a normed algebra, then for a G A 
we define 

/ \ • r I 77 I J-/'^ ^^ I I 

r \ a : = mi a < ct . 

AV ; ^>^ I I - I I 

The subscript A is intended to remind of the notation for eigenvalues. 



The reason for this will become apparent in (5.6) below. 



(5.3). Theorem. For a normed algebra A and a & A, we have 

T\{a) = lim I a" I . 

n— »oo ' ' 

Proof. Let a E A. Let e > and choose k such that 

|a'=|'/''<r;^(a)+£/2. 

Every positive integer n can be written uniquely in the form n = 
p{n)k + q{n) with p{n),q{n) non-negative integers and q{n) < k — 1. 
Since for n — i> oo, we have 

q{n)/n -^ 0, 

it follows that 

p{n)k/n -^ 1, 

and so (if a 7^ 0) 

I ^n I 1/n ^ I ^fc |PW/" . |^|«W/n ^ | « ^c | lA < r;^(a) +e/2. 

Thus 

I a I < T\{a) +6 

for all sufficiently large values of n. D 

We shall now need some complex analysis. We refer the reader 
to P. Henrici [3] or W. Rudin [4]. We warn the reader that for us, 
a power series is an expression of the form X^^o ^^^n, where the a„ 
are elements of a Banach space, and 2; is a placeholder for a complex 
variable. 
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(5.4). Lemma. Let A be a unital Banach algebra. Let c be a left 
invertible element of A, and let c~^ be a left inverse of c. 

For an arbitrary element a of A, the geometric series 

oo 

G{z) = Y, z- [ac'Y 

n=0 

has non-zero radius of convergence 

l/r;^(ac-i). 

We have that the element c^^ G{z) is a left inverse of c — za whenever 
\z\ < 1 / T^[ac~^) . In particular, for \a\ < l/\c~^\, the element 
c — a has a left inverse given by 

oo 
n=0 

Thus the set of elements with a left inverse is open in A. 

A similar result holds of course for right invertible elements. 

Proof. By the Cauchy-Hadamard formula, the radius of convergence 
of G{z) is 

1/hmsup [ac^^) = 1 / T^[ac^^) > 0. 

n— »oo 

For z & G with \z\ < ^ / t^\ (oc ~^) , one computes 

cc oo 

G{z) (e - zac-') = J^ z" {ac-') " - ^ z" {ac-') " = e, 

n=0 n=l 

whence G{z) (c — za) = c, so c^^G{z) (c — za) = e. Thus c^^ G{z) 
indeed is a left inverse of c — za. D 

(5.5). Theorem. The group of invertible elements in a unital Banach 
algebra A is open and inversion is continuous on this group. 



Proof. Let c e A he invertible. By (4.1), for a e A with \a\ < 



1 / I c ^ I , the element c — a is invertible with inverse 

oo 

{c — a)~ = c~^ y, (oc~^) . 

n=0 

This shows that the set of invertible elements in A is open. 
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Moreover we have 



(c- 


-a)-'-c-' 


= 


c-'(Y,{ac-r- 


e 






Vn=0 ^ 






oo 






< C-' ■ 


n=l 








< 


C-' ■ 


oo 



n=0 

<|a|-|c~M ■ i I — \a\ ■ \ c^^ 
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which shows that inversion is continuous. 



-1 



D 



The next resuh is basic for all of spectral theory. 



(5.6). Theorem (the Spectral Radius Formula). For a Banach algebra 
A and a & A, we have: 

(z) sp(a) is a non-empty compact set in the complex plane, 
(a) max{ I A I : A G sp(a) } = T^{a). 

Please note that the right side of the equation depends on the norm in 
A, whereas the left side does not. 



Proof. We consider the function / given by f{fi) := (e — fia)~^ with 
its maximal domain. It is an analytic function: write e — [fi + z)a = 
(e — fia) — za and apply the lemma. It is defined at the origin and the 
radius of convergence of its power series expansion there is l/rjs^(a). 
Hence e — fia is invertible for | /i | < l/r^(a). That is, A ^ sp(a) for 
I A I > T)^{a). It follows that sp(a) is compact. If T\{a) ^ 0, then / has 
a singular point z^ with | -Zo | = l/i';^(a) (the radius of convergence), cf. 
[4l Thm. 16.2 p. 320] or the proof of [3l Thm. 3.3a p. 155]. This implies 
that e — Zoa cannot be invertible, and consequently \l Zq G sp(a). This 
proves the result for the case "^\{a) 7^ 0. Assume that rjs^(a) = 0. 
We must show that G sp(a). If ^ sp(a), then a is invertible in 



A, and e 



-- a''{a 

-1 1-1 



whence < I e I < 



> 0, cf. 



(5.1; 



and so 
D 



We shall use the above result tacitly. 
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§ 6. Properties of rjs^() 

(6.1). Theorem. An element of a normed algebra has non-empty 
spectrum. Indeed, if A is a normed algebra and a & A, then sp(a) 
contains a number of modulus T-^{a). 

Proof. Let B denote the completion of A. One tlien uses tlie fact 
tliat sp5(a) C sp^(a) by |(4.10)] as A is ~-unital in B by (3.6) D 



(6.2). Theorem (Gelfand, Mazur). Let A be a unital normed algebra 
which is a division ring. The map 

€^ A, \^Xe 

then is an algebra isomorphism onto A which also is a homeomorphism. 

Proof. This map is surjective, because for a & A there exists A G 
sp(a). Indeed \e — a is not invertible in A, so that \e — a = 0, or a = Ae. 
The map is injective and homeomorphic because | Ae | = | A | ■ | e | and 

|e|^0. D 

We shall next give some basic properties of rj)^( ■ ). The first three 
of them hold in general normed algebras. 

(6.3). Proposition. For a normed algebra A and an element a & A, 
we have 

^xi'^'') ~ ^xi*^) /^^ ^^^ integers k > 1. 



Proof. One calculates 



V" ._ / , ,__ , l/fcr,, \ k 



T\ (a ^) = lim (a '') " = lim ( I a 



kn\l/kn\ _,^(^)fc_ □ 



(6.4). Proposition. For a normed algebra A and elements a,b & A, 
we have 

^a(«^) = ^a(H- 



Proof. We express (ah) " through {ba 

■ , N n+1 I l/C'^+l) , 

ab) = 1 

n- 
V(n+1) 1- /l /, ^n I l/n\ "/("+!) 



T\{ao) = lim \ [ao) = lim \a[oa) o\ 



n^oo 



< hm ( I a I ■ I I ) ■ hm I [baj 1 < r \ (oa) 



This result also follows from (4.11) D 
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(6.5). Proposition. // a,b are commuting elem,ents of a normed 
algebra A, then 

Tx{a + b) <Tx{a)+Tx{b), 
whence also 

I r^W - T^xib) I < T^ia -b)<\a-b\. 
Thus, if A is commutative, then r \ is uniformly continuous. 

Proof. By commutativity, we have 

and it remains to take the hniit to obtain the first inequahty. In order 
to prove the second inequahty, let s,t with rjs^(a) < s, r^ib) < t he 
arbitrary and define c := s~^ a, d := t~^b. As then r;\(c), Tx{d) < 1, 
there exists < a < oo with | c" |, \d^ \ < a for all n > 1. We then 
have 

n 

\ [a + ) < 2^. [k ) ^ * r^ ■ ^Q^ l-^ + ^J • 

fc=0 

It follows that 



By passing to the limit, we get r_)^(a + 6) < s + t, cf. (5.1) Since s, 
t with r\ (a) < s and r\ (6) < t are arbitrary, it follows r\ (a + 6) < 
r;^(a)+r;^(6). D 



See also (6.9) and (14.22) below 



Now four properties of rjs^( ■ ) in Banach algebras. 

(6.6). Proposition. Let A be a Banach algebra without unit. For all 
fi & C, a & A, we then have 

TX ifJ^e + a) < \ fi\ +Yx{a) < Six (yue + a) . 



Proof. The first inequality follows from (6.5) For the same reason 
i'_x('^) < T^X^l^^ + ct) + I yU I) and so | yU | + r_)^(a) < r_)^(/ie + a) + 2 | /i |. 
It now suffices to prove that | /i | < r_\(/ie + a). We have G sp(a) 



by (4.7), and so /i G sp(/ie + a), which implies | // 1 < rjs^(yue + a), as 
required. D 

In this paragraph, merely the next result relates to an involution. 
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(6.7). Proposition. If A is a Banach *-algehra, then 
rj^(a*) = rj)^(a) for all a & A. 

Proof. One uses the Spectral Radius Formula and the fact that 



sp(a*) = sp(a), 



cf. (4.12) D 



The above result is not true for normed *-algebras in general, cf. 



(30.9) below. 



(6.8). Theorem. Let A he a Banach algebra, and let a & A. If ^ E 
C \ sp(a), then 

dist ( /i, sp(a) ) = r^x ( (/we — a) ^ ) 

Proof. By the Rational Spectral Mapping Theorem, we have 

sp ( {jjie — a)^ ) = {(yU — A)" :Ag sp(a) }. 
From the Spectral Radius Formula, it follows that 

^A ( (/^^ ~ '^) ^ ) ~ ^^^ { I A* ^ -^ I ^ : A G sp(a) } 
= min { I yU — A I : A G sp(a) } 
= dist (/i, sp(a) ) . n 

(6.9). Theorem. Let A he a Banach algebra. Let D denote the closed 
unit disc. For two commuting elements a,h E A, we have 

sp(a) C sp(6) + i)^{h - a) ID C sp(6) + \h- a\T). 

If A is commutative, one says that the spectrum function is uniformly 
continuous on A. 

Proof. Suppose the first inclusion is not true. There then exists 
H G sp(a) with dist(/i, sp(6)) > r^(6 — a). Please note that fie — bis in- 



vertible. By (6.8) , we have r^ ( (/ie — h)~ ) rj^(6 — a) < 1. From (6.5) 
we get r^ ( (/ie — h)~ (6 — a) ) < 1. We have /xe — a = (yue — h) + {h — a). 
This implies that also fxe — a = (/ie — b) [e + (/ie — b) (6 — a) ] is 
invertible, a contradiction. D 



See also (6.5) above and (14.22) below. 
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§ 7. The Ptak Function: rCT( ■ ) 

(7.1). Definition (ro-(a)). If A is a normed *-algebra, then for a in 
A we define 



rcr(a) := r^(a*a) ' < | a* 



1/2 



The subscript a is intended to remind of the notation for singular 
values. The function a ^-^ ror(a) (a G A) is called the Ptak function . 

(7.2). Proposition. For a normed *-algebra A and a Hermitian ele- 
ment a & A, we have 



Proof. By |(6.3)| we have 



n 



(7.3). Proposition. For a Banach *-algebra A and a normal element 
b & A, we have 

Ta{b) < T^ib). 



Proof. By |(6.5)| and |(6.7)| we have 



Ta{b)' = Tx{b*b) Kixmr^ib) =Tx{b) 



D 



(7.4). Proposition. For a normed *-algebra A and an element a E A, 
we have 

Ta{a*a) = laia)'^, 



Proof. With (6.3) we have 



Ya[a a) = r_)^(a aa a 



\ 1/2 / / * N 2\ 1/2 / * \ /- \' 

)' = (r_)^(a a) j = T)^{a a) = ia{a) 



With (6.4) we have 

rcr(a*) = Tx[aa 

(7.5). Theorem. Let {A, 

pre-C*-algebra, then 



*^'/' = Tx{a*a)'^' = Ta{a). 



D 



) be a normed *- algebra. If {A, || ■ ||) is a 
a\\ = T(x{a) 



for all a in A, and conversely. 
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Proof. If || a || = Ta{a) for all a e A, then {A,\\ ■ ||) is a pre-C*- 
algebra by the preceding proposition. Conversely, let {A, || ■ ||) be a 
pre-C*-algebra. We then have 

{n>l,ae A) 



a a 



(2' 



a a 



(2") 



which is seen by induction as follows. We have 

2 II 



a a 



a*a) * ( a*a 



a a 



and so 



a*a) 



(2") 



[ ( a*a) * ( a*a) ] 



(2"-i) 



a a ) [a a ) 

(2") 



(2"-i) 



by induction hypothesis 



It follows that 



ra(a) 



a a 



lim (a*a 
lim ( II a*a 

n—>oo 



(2") 11 1/(2") 



(2") 



1/(2") 



a a 



D 



(7.6). Theorem. For a pre- C*- algebra {A, 
b of A, we have 

\\b\\=Tx{b). 



and a normal element 



Proof. We can assume that A is a C*-algebra. By (7.3), we get 
\\b\\=Ta{b)<ix{b)<\\b\\. D 



(7.7). Corollary. Let A be a pre-C*-algebra. For a normal element 
b of A and every integer n > 1 we have 

II 6" II = ii&ir. 



Proof. This follows now from (6.3) 



D 



(7.8). Theorem. Let {A, || ■ ||) be a C*-algebra without unit. The 
unitisation A then carries besides its C*-algebra norm || • ||, the norm 
I Ae + a I := I A I + II a II (A G C, a G A), of. (2.15). Both norms are 



equivalent on A. More precisely, we have for b E A normal: 

\\b\\ < l&l < 3 ||6||, 

respectively a E A arbitrary: 

II a II < I a I < 6 II a ||. 
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Proof. The statement for normal elements follows directly from (6.6)| 



and (7.6) The statement for arbitrary elements uses the isometry of 



the involution in the C*-algebra norm. D 

For a later purpose, we record: 

(7.9). Proposition. For elements a,b of a normed *-algebra such that 
a* a commutes with bb* , we have 

Ta{ab) < la (a) la (b). 

In particular, the function la is submultiplicative on a commutative 
normed *- algebra. 



Proof. From |(6.4)] and |(6.5)] it follows that 



Ta{cib) = i\^{b*a*ab) = T^{a*abb*) 
< T^{a*a)Tx{bb*) =T^{a*a)T^{b*b) =Ta{afTa{bf. □ 
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§ 8. Automatic Continuity 

(8.1). Definition (contractive linear map). A linear mapping be- 
tween (possibly real) normed spaces is said to be contractive if it is 
bounded with norm not exceeding 1. 



(8.2). Theorem. Let tt : A ^ B be a *-algebra homomorphism from 
a Banach *-algebra A to a pre- C*- algebra B. Then n is contractive in 
the auxiliary *-norm \\ ■ \\ on A. (Cf. (2.5)\) 



Proof. We may assume that B is complete. For a G A, we have 

ll/\ll ( { \\ ^ /\^I*| 1/2 II ^ II 1/2 ^ II II 

II Tx\a) II = rcr(7r(ajj < ro-(a) < | a a | ' = || a a || ' < || a ||, 
where the first inequality stems from the Spectral Radius Formula and 



the fact that sp(7r(a*a)) \ {0} C sp(a*a) \ {0}, cf. 



(4.9) 



D 



(8.3). Corollary. A ^-algebra homomorphism jrom a Banach *-alge- 
bra with isometric involution to a pre- C*- algebra is contractive. 



In particular we have: 



(8.4). Corollary. A *-algebra homomorphism from a C*-algebra to a 
pre- C*- algebra is contractive. 



(8.5). Corollary. A *-algebra isomorphism between two C*-algebras 
is isometric, and shall therefore be called a C*-algebra isomorphism or 
an isomorphism of C*-algebras. 



See also (21.5) & (21.6) below 



Our next aim is the automatic continuity result [(8^ The following 



two lemmata will find a natural reformulation at a later place. (See 



(28.20) and (28.24) below. 



(8.6). Lemma. Let it : A ^ B be a *-algebra homomorphism from a 
Banach *-algebra A to a pre- C*- algebra B. Then kervr is closed in A. 
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Proof. We may assume that B is complete. We shall use the fact 
that then 



^xi-^ia)) <Tx{a) 



holds for all a G A, cf. (4.9) Let a belong to the closure of kervr. Let 
X & A he arbitrary. Then xa also is in the closure of kervr. For a 
sequence (A;„) in kervr converging to xa, we have 

I^^(^r{xa)) = I^^[^l{xa — kn)) < r^^{xa — kn) < | xa — fc„ | — > 0, 

which implies 

r;^(7r(a;a)) =0. 
Choosing x := a*, we obtain 

= rcr(vr(a)) = || vr(a) ||, 

i.e. a is in kervr. D 

(8.7). Lemma. Let tc : A —^ B be a *-algehra homomorphism from 
a normed *-algebra A to a pre- C*- algebra B, which is continuous on 
Asa ■ If Ti is injective, then the involution in A has closed graph. 

Proof. Let a = lima„, b = lima* in A. Since vr is bounded on Aga, 
there exists c > 0, such that for all n, one has 

lk(& -<) II ' = lk((& -<)*(&-<)) II 

<c.\{b-a:nb-a:)\ 

^^ I 1,* 117 * I 

< c • I — a„ I ■ I — a„ I . 

Since (a^) is bounded in A, it follows that 

vr(6) = limvr(a*). 

Similarly, we get 

7r(a*) = limvr(a*). 

One concludes that vr(6) = vr(a*), which implies 6 = a* if vr is injective. 

D 

We now have the following automatic continuity result. 

(8.8). Theorem. A *-algebra homomorphism from a Banach *-algebra 
to a pre- C*- algebra is continuous. 
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Proof. Let n : A —>■ B he a. *-algebra homomorphism from a Banach 



*-algebra A to a pre-C*-algebra B. The kernel of vr is closed, by (8.6) 
This implies that C := A /kern is a Banach *-algebra in the quotient 
norm, cf. the appendix (44.2) Furthermore, the map vr factors to an 



injective *-algebra homomorphism tti from C to B. The mapping tti is 



contractive in the auxiliary *-norm on C, cf. (8.2) This implies that 



the involution in C has closed graph, cf. (8.7) But then the involution 
is continuous, as C is complete. Hence the auxiliary *-norm on C and 



the quotient norm on C are equivalent, cf. (2.6) It follows that tti is 
continuous in the quotient norm on C, which is enough to prove the 
theorem. D 



(8.9). Proposition. Let A,B be normed algebras and let ti : A ^ B 
be a continuous algebra homomorphism. We then have 

rj^(7r(a)) < rj^(a) for all a E A. 

Proof. Let c > be a bound of tt. Let a E A. For all integers n > 1, 
we have 



^\{t^{o)) < |7r(a) 



l/n 



TT 



(a") 



l/n 



< C 



l/n I n I 1/" 



rA(«)- n 



(8.10). Corollary. Let n be a continuous *-algebra homomorphism 
from a normed *-algebra A to a pre- C*- algebra B. For a normal 
element b of A, we then have 

||7r(6) II < T)^{b) <\b\. 

It follows that if A is commutative then tt is contractive. 



Proof. This follows now from (7.6) 



D 



Hence the following enhancement of (8.8 



(8.11). Corollary. A *-algebra homomorphism from a commutative 
Banach *-algebra to a pre- C*- algebra is contractive. 



The following two paragraphs prepare the ground for the ensuing 



11 on Hermitian Banach *-algebras. 
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§ 9. Square Roots of Invertible Elements 
(9.1). Theorem (Mertens). Let A he a Banach algebra. Let 

y ttn and 2, bn 

n>0 n>0 

be two convergent series in A and assume that the first of them con- 
verges absolutely. Put 

n 
Cn • / ^ dj^On—k 

for every integer n > 0. The series 



E' 



n>0 

is called the Cauchy product of the above two series. We have 



n>0 ^ ra>0 ^ ^ n>0 ^ 



. Let 














n 




n 




n 


An-. 


:=)^afe, 


Bn ■ 


-l^h, 


Cn: 


-E^^ 




fe=0 




fc=0 




fc=0 


s : 


:= "> \n, 


t: 


n>0 


dn : 


:=i?„-; 



t. 



Rearrangement of terms yields 

Cn = aJ)o + {ttohi + aiho) H h (oo^n + aiK-i H h a„6o) 

= ttoBn + aiBn-1 + ■ ■ ■ + On-Bo 

= ao(t + (i„) + ai{t + (i„_i) H h a„(t + rfo) 

= Ant + ttodn + aidn-i H h a„(io- 

Put hn '■= dodn + aidn~i + ■ ■ ■ + Onrfo- We have to show that C„ ^ st. 
Since A^t — > st, it suffices to show that hn -^ 0. So let e > be 
given. Let a := X]n>o I '^n I; which is finite by assumption. We have 
(i„ — s> because Bn -^ t. Hence we can choose A^ > such that 
\dn\ < ^/(l + tt) for all integers n > N, and for such n we have 

I ^n I < I dndo + ■ ■ ■ + ttn^NdN \ + | (ln-(N+l)dN+l + " " " + Oorfn | 
< I dndo + ■ ■ ■ + dn—NdN \ ~l" ^■ 

Letting n ^ oo, we get lim sup^^^^ | /i„ | < £ by a„ ^ 0. The statement 
follows because e > was arbitrary. D 
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(9.2). Proposition. Let x,y be two commuting elem,ents of a ring 
with the same square. If x + y is not a left divisor of zero then x = y. 



Proof. One computes {x + y){x — y) = x^ — xy + yx — y"^ = 0, so that 
the assumption imphes x ~ y = 0. D 



(9.3). Theorem. Let A be a Banach algebra and let a E A with 
T\{a) < 1. The series 

oo 

1/2n 



E ('„) 



n=l 



then converges absolutely to an element b of A with (e + 6) = e + a 
and T^{b) < 1. Furthermore, there is no other element c of A with 
(e + c) = e + a and r^(c) < 1. 



Proof. If the above series converges absolutely, it follows by the 



Theorem of Mertens (9.1) concerning the Cauchy product of series that 



(e + 6) = e + a. Assume that J:\{a) < 1. The series for b converges 
absolutely by comparison with the geometric series. It shall next be 



shown that T^{b) < 1. For fc > 1, we have by (6.3) and (6.5) 

k 



'\ 



E(t)«")<E|0 

n=l ' n=\ 



a(«)^ 



whence, by applying the last part of (6.5) to the closed subalgebra of 
A generated by a, we get 



'a('')<5: o 



n=l 



r\ a 



^A 



E(n)HAW)" 



n=l 



= l-^l-r;,(a)<l. 

Let c now be an element of A with r\ (c) < 1 and (e + c) = e + a. It 
shall be shown that c = b. The elements x := e + b,y := e + c have 
the same square. Furthermore, we have y{e + a) = (e + c) = (e + a)y, 
i.e. the element y commutes with a. By continuity, it follows that y 
also commutes with b, hence with x. Finally, x + y = 2e + {b + c) is 
invertible as r\ (6 + c) < r\ (6) +r\ (c) < 2, cf. (6.5) It follows from the 
preceding proposition that x = y, or in other words, that b = c. D 
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(9.4). Lemma (Ford's Square Root Lemma). If a is a Hermitian 
element of a Banach *-algebra, satisfying T^{a) < 1, then the square 
root e + b of e + a (with b as in the preceding theorem) is Hermitian. 

Proof. This is obvious if the involution is continuous. Now for the 
general case. Consider the element b of the preceding proposition. We 
have to show that b* = b. The element b* satisfies (e + b*) = (e+a)* = 



e + a as well as r^(6*) = T^{b) < 1 by (6.7) Sob = b* by the uniqueness 



statement of the preceding theorem. D 

(9.5). Theorem. Let A be a Banach al gebra, and let x be an element 
of A with sp(2;) C ]0, oo[. (Please note: (J^-l) ) Then x has a unique 
square root y in A with sp(y) C ]0,oo[. Moreover x has no other 
square root with spectrum in [0, oo[. The element y belongs to the closed 
subalgebra of A generated by x. If A is a Banach *-algebra, and if x is 
Hermitian, so is y. 

Proof. We may assume that 'i:\{x) < 1. The element a := x — e then 



has sp(a) C ] — 1,0], whence rj^(a) < 1. Consider now b as in (9.3) 
Then ?/ := e + 6 is a square root of e + a = x, by |(9.3) Furthermore 



sp(y) C R \ {0} by the Rational Spectral Mapping Theorem. Also 
r^(6) < 1, which implies that sp(?/) C ]0, oo[. Let now z be another 
square root of x with sp(z) C [0, oo[. Then sp(2;) C [0,1] by the 
Rational Spectral Mapping Theorem. Thus, the element c := z — e 
has sp(c) C [—1, 0], so rj^(c) < 1. Since (e + c) = x = e + a, theorem 



(9.3) implies that c = b, whence z = y. Let now B denote the closed 
subalgebra of A generated by x. Clearly y belongs to the closed sub- 
algebra of A generated by x and e, which is Ce + B, cf. the proof of 



(2.16) So let y = fie + f with f E B and /x G C. Then x = fi'^e + g 
with g E B. So if /i 7^ 0, then e E B, whence y E B. If /i = 0, then 
y = f E B as well. The last statement follows from the preceding 
lemma. D 



For C*-algebras, a stronger result holds, cf. (12.3) 
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§ 10. The Boundary of the Spectrum 

We proved in |(4.10)] that if i? is a subalgebra of an algebra A, then 
sp^(6)\{0}csps(6)\{0} 
holds for all b E B. Also, if B furthermore is ~-unital in A, then 

sp^(6) C spb(6) 
holds for all 6 G B. We set out to show a partial converse inclusion, 



see 



10.6) below. 



(10.1). Proposition. Let A be a unital Banach algebra. Assume that 
a E A is the limit of a sequence {a^} of invertible elements of A. If 
the sequence {an~^} is bounded, then it converges in A to an inverse 
of a. 



Proof. Let c > with | a„ ^ | < c for all n. For all m, n we then have 

I ^m ^n I I ^m \ ^n ^m ) ^n | _ ^ | ^n ^m \ • 

This shows that { a„ ~^ } is a Cauchy sequence, and thus convergent 
to some limit b E A. The element b is an inverse of a by continuity of 
multiplication. D 



(10.2). Definition (topological divisors of zero). Let A be a normed 
algebra. An element a E A is called a left topological divisor of zero, 
if there exists a sequence { s^ } in the unit sphere of A, such that 

lim a Sn = 0. 

n— >oo 

Similarly, one defines a right topological divisor of zero. An element 
a E A is called a joint topological divisor of zero, if there exists a se- 
quence { s„ } in the unit sphere of A, such that 

lim aSn = lim s„ a = 0. 

n— >oo n— >oo 



(10.3). Theorem. Let A be a unital Banach algebra. The boundary of 
the group of invertible elements of A then consists of joint topological 
divisors of zero. 
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Proof. Let a E A belong to the boundary of the group of invertible 
elements of A, and let { a„ } be a sequence of invertible elements of A 
converging to a. Since the group of invertible elements of A is open by 



(5.5), the element a cannot be invertible. The preceding proposition 
(10.1) implies that the sequence { a„ ~^ } must be unbounded. By going 
over to a subsequence, we can assume that | a„ ~^ | > n for all n > 1. 
The elements s„ := | a„ "^ | a„ ~^ belong to the unit sphere of A, and 

asn = (a- an)sn + anSn = {a- an)sn + \an~^\ e -^ 0. 
Thus lim„^oo o-Sn = 0, and similarly lim^^oo s„ a = 0. D 

(10.4). Theorem. Let B be a subalgebra of a unital normed algebra 
A. Then a left topological divisor of zero in B is not left invertible in 
A. A similar result holds with "right" instead of "left" . 

Proof. Assume for example that 6 is a left topological divisor of zero 
in 5, and that h is left invertible in A. There then exists a sequence 
{ s„ } in the unit sphere of S, such that lim^^oo&Sn = 0, and there 
exists an element a of A with ah = e. We arrive at the contradiction 

1 = I Sn I = I e Sn I = I a 6 s„ I < I a I ■ I 6 s„ I -^ 0. D 

(10.5). Corollary. Let B be a complete unital subalgebra of a unital 
normed algebra A. Then the elements of the boundary of the group of 
invertible elements of B are neither left nor right invertible in A. 

(10.6). Theorem (Silov). Let B be a complete subalgebra of a normed 
algebra A, and leth E B. Then 

dspsib) C 9sp^(6), 

where d denotes "the boundary of" (relative to the complex plane). 

Proof. Assume first that B is ~-unital in A. Then i? is a unital 



subalgebra of A, cf. (1.20) For our purpose it is allowed to equip B 



with the norm inherited from A. Then B is complete, cf. the proof 



of (2.16) Let A G dspQ{b) and let (A„) be a sequence in C \ sp^(6) 
converging to A. Then each c„ := A^e — 6 is invertible in B, while 
c := Ae — 6 is not. That is, c is in the bounda ry of th e group of invertible 



elements of B. So the preceding corollary (10.5) yields that c is not 



invertible in A. This says that A G sp^(6), and hence A G (9sp^(6), by 



(4.10) This settles the ~-unital case. 
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Assume next that B is not ~-un ital in A. Then B must have a unit, 
p say, which is not a unit in A, 



cf. 



1.18) 



Let e denote the unit of A, 



and conside r C := Ce + B, which is a complete subalgebra of A, cf. 



Please note that C is unital in A, and so ~-unital 
G dsp^{b), and consider d := \e — b E C. We have 



the proof of (2.16) 
in A. Let now A 

A G spc(6). Indeed, suppose d were invertible in C. Let (7 G C be an 
inverse of d in C. Then gd = dg = e. Multiplication from the left and 
from the right with p gives pgdp = pdgp = p"^, which is the same as 
pg{Xp — b) = {\p — b)gp = p {as p is the unit in B), so that pg = gp E B 
would be an inverse oi \p — b in B, cf. (4.1) This contradiction shows 
that A G spc(6), but then also A G (9spc(6). Indeed, for A 7^ 0, this 
follows from (4.10) If A = 0, it follows from (4.10) and the fact that 
then G sp5(6) and G spf;(6). By the preceding paragraph, we now 
get A G 9sp^(6), and the proof is complete. D 



This result has two corollaries guaranteeing equality of spectra 
under certain conditions. The first condition is on the spectrum in the 
subalgebra, the second one is on the spectrum in the whole algebra. 

(10.7). Corollary. Let B he a complete subalgebra of a normed 
algebra A, and let b E B such that sp^(6) has no interior (e.g. is 
real). Then 

sPbW\{0} = sp^(6)\{0}. 
If B furthermore is ""-unital in A, then 

spb(6) = sp^(6). 

Proof. This follows from the preceding theorem and |(4.10)| D 

(10.8). Corollary. Let B be a "" -unital closed subalgebra of a Banach 
algebra A, and letb E B such that sp^(6) does not separate the complex 
plane (e.g. is real). Then 

spb(6) = sp^(6). 



Proof. It suffices to prove that sp^(6) C sp^(6), cf. (4.10) So suppose 
that there exists A G s^pgih) \ sp^(6). Since sp^(6) does not separate 
the complex plane, there exists a continuous path disjoint from sp^(6), 
that connects A with the point at infinity. It is easily seen that this 
path meets the boundary of sp5(6) in at least one point, which then 
also must belong to sp^(6), by (10.6), a contradiction. D 
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§ 11. Hermitian Banach *- Algebras 

(11.1). Definition (Hermitian *-algebras). A *-algebra is said to be 
Hermitian if each of its Hermitian elements has real spectrum. 

(11.2). Proposition. A *-algebra A is Hermitian if and only if its 
unitisation A is. 

Proof. For a G Aga and A G R, we have 

sp^ (Ae + a) = A + sp^ (a) = A + sp^ (a), 



cf. (4.6) D 



(11.3). Theorem. For a Banach *-algebra A the following statements 
are equivalent. 

(i) A is Hermitian, 

(a) i ^ sp(a) whenever a & A is Hermitian, 
(Hi) T\{a) < rcr(a) for all a & A, 

T\{b) = Ta{b) for all normal b & A, 
r_\(&) < I b*b I ' for all normal b (z A. 



[tv) 
(v) 



Proof, (i) =^ (ii) is trivial. 

(ii) =^ (iii): Assume that (ii) holds and that r^(a) > ror(a) for some 
a G v4. Upon replacing a with a suitable multiple, we can assume that 
1 G sp(a) and Tcr{a) < 1. There then exists a Hermitian element b = b* 



of A such that b^ = e — a* a (Ford's Square Root Lemma (9.4)). Since 
b is invertible (Rational Spectral Mapping Theorem), it follows that 

{e + a*){e-a) = b'^ + a* -a = b[e + b'^ {a* -a) b^^) b. 

Now the element —ib~^ {a* — a)b~^ is a Hermitian element of A, so 
that i (e + b~^ (a* — a) b~^) is invertible by assumption. This implies 
that e — a has a left inverse. One can apply a similar argument to 

(e — a) (e + a*) = c (e + c~^ (a* — a) c~^) c, 
where c is a Hermitian element of A with c^ = e — aa* (by rcr(a*) = 



r(j(a) < 1, cf. (7.4)). Thus e — a also has a right inverse, so that 1 



would not be in the spectrum of a by (4.1) , a contradiction. 



iii) =^ (iv) follows from the fact that Ta{b) < i';\(&) for all normal 



be A, cf. (7.3) 



fiv) =^ (v) is trivial. 
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(v) =^ (i): Assume that (v) holds. Let a be a Hermitian element of 
A and let A G sp(a). We have to show that A is real. For this purpose, 
we can assume that A is non-zero. Let /i be an arbitrary real number, 
and let n be an integer > 1. Define u := X~^a and 6 := (a + i/xe) "' u. 
Then (A + i/i) ^ is in the spectrum of b (Rational Spectral Mapping 
Theorem). This implies 

|A + i/i| <r_)^(o) <\bb\<\[a +/i ej \-\uu\. 

It follows that 

I \ I • I 2 ^ I / 2 I 2 \ n I 1/n , ^ , i/„ 

I A + i;U I < I (a + /i e j I . I ». o. I / 
for all integers n > 1, so that by|(6.5) we have 



u u 



|A + iyu|^<r_)^(a^ + /i2e) <r_)^(a^)+/i^ 
Decomposing A = a + i/? with a and /5 real, one finds 

a ^ + /? ^ + 2/3/i < r;^ ( a 2 ) 
for all real numbers /i, so that (3 must be zero, i.e. A must be real. D 

We now have the fundamental result: 
(1L4). Theorem. A C*-algehra is Hermitian. 



Proof. For an element a of a C*-algebra we have by (5.2) and (7.5) 

r_x(a) < II a II = rcr(a). D 

(11.5). Theorem. A closed *-subalgebra of a Hermitian Banach 
*- algebra is Hermitian as well. 

Proof. One uses the fact that a Banach *-algebra C is Hermitian if 
and only if for every a & C one has r\ (a) < rcr(a). D 

(11.6). Lemma. Let B be a complete Hermitian unital *-subalgebra of 
a unital normed *-algebra A. If an element of B is invertible in A, 
then it is invertible in B. 

Proof. Let b E B he invertible in A (with inverse b~^ in A). The 
element b*b then also is invertible in A (with inverse 6~^(6^^)* in A). 



11. HERMITIAN BANACH *- ALGEBRAS 



37 



Since B is Hermitian, the Hermitian element b*b is the hniit of the 
invertible elements -ie + b*b {n > 1). If b*b were not invertible in B, it 
would follow that b*b were in the boundary of the group of invertible 
elements of B, and thus not invertible in A, cf. (10.5) Thus b*b has an 
inverse {b*b)~ in B. Then {b*b)~ b* is a left inverse of b in B. Similarly, 
b has a right inverse in B, and so b is invertible in B, by (4.1) D 



(11.7). Theorem. Let B be a complete Hermitian *-subalgebra of a 
norm,ed *-algebra A. For an element b of B, we then have 

sps{b) C sp^(6). 



P roof. T he proof of the ~-unital case follows from the above lemma, 
(When B is equipped with the norm inherited from A, then 

Assume next that B is not 



cf. 



(1.20) 



it is complete, cf. the proof of (2.16) 



A 



-unit al in A . Then B contains a unit p, say, which is not a unit in 
cf. (1.18) Let e denote the unit in A, and consider C := C e + B, 

2.16)1 It can 



which is a complete *-subalgebra of A, cf. the proof of 



be seen that C is Hermitian by using (4.10) Please note that C is 
unital in A. Assume that A ^ sp^(6) for some b & B and A G C. The 
element d := Xe — b & C then is invertible in A. It follows that d is 
invertible in C, by the preceding lemma. So let g E C be an inverse of 
d in C. We then have gd = dg = e. Multiplication from the left and 
from the right with p yields pgdp = pdgp = p'^, which is the same as 
pg{Xp — b) = {Xp — b)gp = p {as p is the unit in B), so that pg = gp E B 
is an inverse oi Xp — b in B, cf. (4.1)[ This says that A ^ sp^(6), as 
was to be shown. Please note that the present proof closely parallels 

D 



the second paragraph of the proof of (10.6) 



From [(T. 10)1 it follows now 

(11.8). Theorem. Let B be a complete Hermitian *-subalgebra of a 
normed *-algebra A. For an element b of B we then have 

^PAib) \ {0} = sMb) \ {0}. 
If furthermore B is ^-unital in A, then 

sp^(6) = speib). 



It is clear that (11.6), (11.7), and (11.8) are most of the time used 
in conjunction with (11.5) 
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Now for unitary elements. 

(11.9). Definition (unitary elements). An element m of a unital 
*-algebra is called unitary if u*u = uu* = e. The unitary elements 
of a unital *-algebra form a group under multiplication. 

(11.10). Proposition (Cayley transform). Let A be a Banach *-al- 
gebra and let a be a Hermitian element of A. Let /i > T\{a). Then 

u := {a — i/ie)(a + i/ie)~ 

is a unitary element of A. One says that u is a Cayley transform of a. 

Proof. Please note first that a + i/ie is invertible as /i > r^(a) by 
assumption, so u is well defined. By commutativity, it follows that 

u* = [{a + i/ie)~ ] (a — i/ie)* 

= (a — i/ie)~ (a + i/ie) 

= (a + i/ie) (a — i^e)~ , 

so that u*u = uu* = e. D 

(11.11). Theorem. A Banach *-algebra A is Hermitian if and only 
if the spectrum of every unitary element of A is contained in the unit 
circle. 

Proof. Assume that A is Hermitian and let u be a unitary element of 
A. We then have ^\{u) = laiu) = 1 by (11.3) (i) =^ (iv). It follows that 
the spectrum of u is contained in the unit disk. Since also u~^ = u* is 
unitary, it follows from sp(m)~ = sp(M^^) (Rational Spectral Mapping 
Theorem) that also sp(m)~ is contained in the unit disk. This makes 
that sp(m) is contained in the unit circle. 

Conversely, let a = a* be a Hermitian element of A and let /i > 
r^(a). Then the Cayley transform u := (a — i/ie) (a + i/ie)~ is a unitary 

element of A. By the Rational Spectral Mapping Theorem, we have 
sp('u) = r(sp(a)) with r denoting the Moebius transformation r{z) = 

{z — i/i)(^ + i/i)~ . Thus, if the spectrum of u is contained in the unit 
circle, it follows that sp(a) C R. D 

(11.12). Corollary. The spectrum of a unitary element of a unital 
C*-algebra is contained in the unit circle. 
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§ 12. An Operational Calculus 

We next give a version of tlie operational calculus with an elemen- 
tary proof avoiding Zorn's Lemma. (See also (15.10)[) 



(12.1). Theorem (the operational calculus, weak form). Let A be a 
C*-algehra, and let a = a* he a Hermitian element of A. Denote by 
C(sp(a)) the C*-suhalgebra o/C(sp(a)) consisting of the continuous 
complex-valued functions on sp(a) vanishing at 0. There is a unique 
*-algebra homomorphism 

C(sp(a))^ ^ A 

which maps the identity function on sp(a) to a. This mapping is an 
isomorphism of C*-algebras from C(sp(a)) onto the closed subalgebra 
of A generated by a. (Which also is the C*-subalgebra of A generated 
by a.) This mapping is called the operational calculus for a, and it is 
denoted by f ^-^ f{0')- 

Proof. Let C[x]o denote the set of complex polynomials without 
constant term. For p G C[x]o, we shall denote by p\sp{a) ^ C'(sp(a)) 
the restriction to sp(a) of the corresponding polynomial function. We 
can define an isometric mapping plg-p/g^) ^-^ p{o) {p G C[a;]o). Indeed, 
for p G C[a;]o, the element p{a) G A is normal, and one calculates 



I|P(«)II =rA (P(")) by 1(7.6) 

= max { I A I : A G sp {p{a) ) } by (5.6)| 

= max I I p(/i) I : /i G sp(a) } by (4.8)| 

~ I ^lsp(a) loo' 

Thus, if p|sp(„) = g|sp(„) for p,q e C[x]o, then | {p - q\^(^^^ |^ = 0, 
whence || (p — q){a) || = 0, so pia) = q{a), and the mapping in question 
is well defined. The mapping in question is isometric as well. 

The Theorem of Weierstrass implies that the set of complex 
polynomial functions vanishing at is dense in C(sp(a)) . This 



together with the continuity result |(8.4) already implies the uniqueness 



statement. The above mapping has a unique extension to a continuous 
mapping from C(sp(a)) to A. This continuation then is a C*-algebra 
isomorphism from C(sp(a)) onto the closed subalgebra of A generated 
by a. It is used that the continuation is isometric, which implies that 
its image is complete, hence closed in A. D 
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(12.2). Corollary. Let a = a* be a Hermitian element of a 
C*-algebra A. If f E C(sp(a)) satisfies f > on sp(a) then f{a) 
is Hermitian an(isp(/(a)) C [0, oo[. 

Proof. Let g G C(sp(a)) with f = g^ and g > on sp(a). Then g 
is Hermitian in C(sp(a)) as g is real- valued. Hence g{a) is Hermitian, 
and thus sp(5'(a)) C R. So /(a) = g{a) is Hermitian and sp(/(a)) = 
sp(f7(a)) C [0,cxd[ by the Rational Spectral Mapping Theorem. D 



(12.3). Theorem. Let A be a C*-algebra. Let a be a Hermitian ele- 
ment of A with sp(a) C [0, oo[. Then a has a unique Hermitian square 
root a ^1"^ in A with sp ( a ""^^^ ) C [0, oo[. The element a ^/^ belongs to the 
closed subalgebra of A generated by a. (Which also is the C*-subalgebra 



of A generated by a.) See also (19.5) 



Proof. For existence, consider the function / given by /(x) := ^/x 
for X G sp(a) C [0, cxd[, and put a^^"^ := /(a). Now for uniqueness. 
Let 6 be a Hermitian square root of a with sp(6) C [0,cxd[. We have 
to show that h = a^l'^. Let c be a Hermitian square root of a^^^ in 
the closed subalgebra of A generated by a^/^. Let d be a Hermitian 
square root of h. Then d commutes with b = d'^, hence also with 
a = b^. But then d also commutes with a ^/^ and c. This is so because 
a ^/^ lies in the closed subalgebra of A generated by a (by construction 
of a ^/^), and because c is in the closed subalgebra of A generated by 
a ^/^ (by assumption on c). We conclude that the Hermitian elements 
a, a ^/^, b, c, d all commute. One now calculates 

= (a-b^){a'/^-b) 

= (a 1/2 _ 5) ^1/2 (^1/2 _ ^) ^ (^1/2 _ ^^ ^ ^^1/2 _ ^^ 

= [{a'/^-b)c]'+[{a'/'-b)d]\ 
Both terms in the last line have non-negative spectrum. Indeed, both 



terms are squares of Hermitian elements. Please note (1.10) here. Since 



the two terms are opposites one of another, both must have spectrum 



{0}, and thence must both be zero, cf. (7.6) The difference of these 
terms is 

= (a 1/2 _ ^) ^1/2 (^1/2 _ ^) _ (^1/2 _ ^) ^ (^1/2 _ ^) ^ (^1/2 _ ^) 3^ 



With the C*-property (2.8) it follows that 



0=||(aV2_5)^|| = ||(al/2_5)2|| ^||^l/2_^||4_ Q 
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§ 13. Odds and Ends: Questions of Imbedding 

This paragraph is concerned with imbedding for example a normal 
element of a normed *-algebra in a closed commutative *-subalgebra. 
The problem is posed by possible discontinuity of the involution. 

(13.1). Definition (*-stable (or self-adjoint) and normal subsets). 
Let S* be a subset of a *-algebra. One says that S is >K-stable or 
self-adjoint if with each element a, it also contains the adjoint a*. One 
says that S is normal, if it is *-stable and if its elements commute 
pairwise. 

(13.2). Definition (the commutant). Let S* be a subset of an algebra 
A. One denotes by S^ the commutant of S in A , which is defined as 
the set of those elements of A which commute with every element in S. 

The reader will easily prove the next two propositions. 

(13.3). Proposition. Let S be a subset of an algebra A. The commu- 
tant S' enjoys the following properties: 

(i) S' is a subalgebra of A, 
{ii) if e is a unit in A, then e G S' , 
(Hi) if A is a normed algebra then S' is closed, 
{iv) if A is a *-algebra, and if S is *-stable, then S' is a *-subalgebra 
of A. 

(13.4). Proposition. Let S,T be subsets of an algebra. We then have 

{{) S cT^r C S', 
(ii) S CT^ S" C T", 
{Hi) S C S", and S' = S'" , 
(iv) the elements of S commute 4^ S G S' . 

Proof. The second statement of (iii): from S C S" it follows by (i) 
that (S'J C S'. Also S' C (Sy. D 

(13.5). Definition (the second commutant). Let S* be a subset of an 
algebra A. The subset S" is called the second commutant of S. It is a 
subalgebra of A containing S. It follows from the preceding proposition 
that S" is commutative if the elements in S commute. 
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(13.6). Proposition. If a is an invertible element of a unital algebra 
A, then its inverse a~^ belongs to the second commutant {a}" in A. 



Proof. See (4.4) 



D 



The following result is sometimes useful. 



(13.7). Proposition. Let S be a subset of an algebra A. Let B denote 
the second commutant of S in A. For b E B (1 A we then have 

speib) = sp^(6). 



Proof. Let b e B n A. We know th at sp^(6) = sp^(6), cf. |(4.6)[ We 
also have sp^(6) C sp^(6), cf. (4.10) So assume that (for some A G C) 
the element Ae — 6 is invertible in A with inverse d E A. It is enough 
to pro ve t hat d g B. Since b e B, we have d e {b}" C B" = B, cf. 
13.6) and 1(13.4)] (ii) & (iii), as -B is a (second) commutant. D 



The preceding item is often used in the following form: 

(13.8). Theorem (Civin & Yood). Let A be a normed algebra, and let 
S be a subset consisting of commuting elements of A. There then exists 
a commutative unital closed subalgebra B of A containing S such that 
for all b & B n A one has sp^lb) = sp^(6). If A is a normed *-algebra, 
and if S is normal, then B can be chosen to be a *-subalgebra. 



Proof. (13.5) (13.3) (ii) & (iii) & (iv), and (13.7) 



D 



This often permits one to reduce proofs to the case of commutative 



unital Banach algebras. See for example (14.22) and (17.5) below. 



(13.9). Proposition. Let A be a normed *-algebra, and let S be a 
normal subset of A. The second commutant of S in A then is a closed 
commutative *-subalgebra of A containing S. 



Proof. (13.5) and (13.3) (iii) & (iv 



D 



(13.10). Definition. Let S" be a subset of a normed *-algebra A. The 
closed *-subalgebra of A generated by S is defined as the intersection 
of all closed *-subalgebras of A containing S. By the preceding propo- 
sition, it is commutative if S is normal. 
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Please note that when the involution in A is continuous, then the 
closed *-subalgebra of A generated by a subset S is the closure of 
the *-subalgebra of A generated by S. This holds in particular for 
C*-algebras, and we shall make tacit use of this fact in the sequel. 

(13.11). Remark. So far we did not use the full version of the axiom 
of choice. (We did use the countable version of the axiom of choice, 
however. Namely in using the fact that if S* is a subset of a metric 
space, then a point in the closure of S is the limit of a sequence in 5*.) 
The next chapter [2] on the Gelfand transformation will make crucial 
use of Zorn's Lemma, which is equivalent to the full version of the 
axiom of choice. The ensuing chapter [3] on positive elements, however, 
is completely independent of chapter |2j and does not require Zorn's 
Lemma. From a logical point of view, one might well skip the following 
chapter |2] if the priority is to use Zorn's Lemma as late as possible. 



CHAPTER 2 
The Gelfand Transformation 

§ 14. Multiplicative Linear Functionals 

(14.1). Definition (multiplicative linear functionals, A{A)). If A is 
an algebra, then a multiplicative linear functional on A is a non-zero 
linear functional r on A such that T{ab) = T{a) T{b) for all a,b E A. The 
set of multiplicative linear functionals on A is denoted by A (A). Mul- 
tiplicative linear functionals are also called complex homomorphisms. 

Please note that if A is unital with unit e, then r(e) = 1 for all 
r G A(A) by r(e) T{a) = T{a) for some a E A with r(a) ^ 0. 

(14.2). Proposition, yl multiplicative linear functional r on a Ba- 
nach algebra A is continuous with | r | < 1. 

Proof. Otherwise there would exist a E A with | a | < 1 and T{a) = 1. 
With b := Yl'^=i '^") ^^ would then get a + ab = b, and so r(6) = 
T{a + ab) = T{a) + T{a)T{b) = 1 + t(6), a contradiction. D 

(14.3). Definition (the Gelfand transform of an element). Let A be 
an algebra. For a E A, one defines 

a{r):=T{a) {tEA{A)). 

The Gelfand transform of a is the function 

a:A{A) ^C 

r 1-^ a^r). 

(14.4). Proposition (the Gelfand transformation). Let A be a Ba- 
nach algebra with A{A) ^ 0. The map 

A^£°^(A(A)) 
a I— s> a 

then is a contractive algebra homomorphism. It is called the Gelfand 
transformation. 
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Proof. Let a, b e A, r e A(yl). We then have 

(^)(r) = T{ab) = T{a) ■ T{b) =2(r)-6(r) = (2-6)(r). 
Also I air) I = I r(a) I < I a I, cf. 



14.2) 



whence \a\ < \a\. D 



I oo 



(14.5). Definition (ideals). Let A be an algebra. A left ideal in A is a 
vector subspace J of A such that al <Z I for all a & A. A left ideal J of A 
is called proper ii I ^ A. A left ideal of A is called a maximal left ideal 
or simply left maximal if it is proper and not properly contained in 
any other proper left ideal of A. Likewise with "right" or "two-sided" 
instead of "left". If A is commutative, we drop these adjectives. 

(14.6). Lemma. In a unital algebra A with unit e, the following state- 
ments hold: 

(i) a left ideal I in A is proper if and only if e ^ I , 
(ii) an element of A is not left invertible in A if and only if it lies 
in some proper left ideal of A. 

If A is a unital Banach algebra, then furthermore: 

(Hi) if a left ideal I of A is proper, so is its closure I , 
{iv) a maximal left ideal of A is closed. 

Proof, (i) is obvious, (ii) Assume that a lies in a proper left ideal I 
of A. If a had a left inverse b, one would have e = 6a G /, so that / 
would not be proper. Conversely, assume that a is not left invertible. 
Consider the left ideal / given by J := {ba : b G A}. Then e ^ /, so 
that a lies in the proper left ideal /. (iii) follows from the fact that 
the set of left invertible elements of a unital Banach algebra is an open 
neighbourhood of the unit, cf. |(5.4) (iv) follows from (iii). D 



(14.7). Lemma. A proper left ideal in a unital algebra is contained in 
a maximal left ideal. 

Proof. Let J be a proper left ideal in a unital algebra A. Let Z be 
the set of proper left ideals in A containing J, and order Z by inclusion. 
It shall be shown that Z is inductively ordered. So let C 7^ be a 
chain in Z. Let J := [J C. It shall be shown that J & Z. The left 
ideal J is proper. Indeed one notes that J does not contain the unit of 
A, because otherwise some element of Z would contain the unit. Now 
Zorn's Lemma yields a maximal element of Z. D 
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(14.8). Lemma. Let I be a proper two-sided ideal in a unital algebra 
A. The unital algebra A/ 1 then is a division ring if and only if I is 
both a maximal left ideal and a maximal right ideal. 

Proof. Please note first that the algebra A/ 1 is unital because the 



two-sided ideal / is proper, cf. (14.6) (i). For 6 G A \ /, consider the 
left ideal 

Ah + I := {ah + i:ae A, i el}. 

It contains / properly. (Because 6 G A6 + / as A is unital, and because 
6 ^ / by the assumption on the element h.) It is the smallest left ideal 
J m. A with I G J and b e J. The following statements are equivalent. 
(We let a := a + J G A/ 1 for a G A.) 



each non-zero element b of A/ 1 is left invertible (please note (4.1) ), 

for all 6 7^ in A/ 1 there exists c in A/ 1 with cb = e, 

for all 6 G A \ J there exist c e A, i e I with cb + i = e, 

for all 6 G A \ / one has e e Ab + I, 

for allb e A\I one has Ab + I = A, 

for each left ideal J containing / properly, one has J = A, 

the proper two-sided ideal / is a maximal left ideal. D 

(14.9). Theorem. Let A be a unital Banach algebra. The map r \-^ 
kerr establishes a bijective correspondence between the set A{A) of 
multiplicative linear functionals t on A and the set of proper two-sided 
ideals in A which are both left maximal and right maximal. 

Proof. If r G A(yl), then kerr has co-dimension 1 in A, so the two- 
sided ideal ker r is both left and right maximal. Conversely, for a two- 
sided ideal I in A which is both left and right maximal. A/ 1 is a Banach 



algebra by (14.6) (iv), and a division ring by (14.8) , so isomorphic to C 



by the Gelfand-Mazur Theorem (6.2) Let vr be such an isomorphism 



and put T{a) := 7r(a + /) (a G A). Then r G A(A) and kerr = I. 
To see that the map r \-^ kerr is injective, let ri,r2 G A(yl), Ti ^ T2. 
Let a e A with ri(a) = 1, T2{a) ^ 1. With b := a^ — a we have 
Ti{b) = Ti{a) ■ [Ti{a) — l). Thus ri(6) = 0, and either r2(a) = or else 
T2{b) 7^ 0. So either b G kerri \ kerr2 or a G kerr2 \ kerri. D 

In the remainder of this paragraph, we shall mainly consider 
commutative Banach algebras. For emphasis, we restate: 
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(14.10). Corollary. Let A be a unital commutative Banach algebra. 
The m,ap t ^^ kerr establishes a bijective correspondence between the 
set A{A) of multiplicative linear Junctionals t on A and the set of 
maximal ideals in A. 

(14.11). Theorem (abstract form of Wiener's Theorem). Let A be a 
unital commutative Banach algebra. An element a of A is not invertible 
in A if and only if a vanishes at some r in A (A). 



Proof. |(14.6)[ ii), |(14.7)i |(14.10)[ D 



(14.12). Theorem. Let A be a commutative Banach algebra. For a G 
A we then have sp(a) = a(A(A)). 

Proof. For A G C, the following statements are equivalent. 
A G sp(a), 
Ae — a is not invertible in A, 



(Ae - a) (t) = for some r G A{A), by |(14.11) 



X = a (r) for some r G A (A). D 

(14.13). Theorem. If A is a commutative Banach algebra without 
unit, we have sp(a) = a (A(y4)) U {0} for all a E A. Please note 



(IV 



Proof. For A G C, the following statements are equivalent. 
A G sp(a), 



A = a (r) for some r G A(A), by |(14.12) 

either A = or A = a (r) for some r G A (A), 

(according as r vanishes on all of A or not). D 

(14.14). Corollary. For a commutative Banach algebra A and a G 
A, we have 

sp(a)\{0} = a(A(A))\{0} . 

(14.15). Theorem. For a commutative Banach algebra A and a E A, 
we have 



loo=^^l«' 



^A^ 



§ 14. MULTIPLICATIVE LINEAR FUNCTIONALS 49 

Proof. This follows from the preceding corollary by applying the 
Spectral Radius Formula. D 

(14.16). Corollary. For a commutative C*-algebra A and a E A, we 
have 

\a\ = II a 11. 

I I OO II II 



Proof. By (7.6) we have r_)^(a) = || a ||. D 



(14.17). Corollary. If A is a commutative C*-algehra ^ {0}, then 
^{A) 7^ and the Gelfand transformation A — > £°°(A(y4)) is iso- 
metric. 

(14.18). Definition (Hermitian linear functionals) . A linear func- 
tional yj on a *-algebra A is called Hermitian if v^(a*) = v'(a) for all 
ae A. 

(14.19). Proposition. A commutative Banach *-algebra A is Hermi- 
tian precisely when each r G A (A) is Hermitian. 

Proof. Let a e A. We then have {r^a) : r G A(yl)}\{0} = sp(a)\{0}. 
Thus, if every r is Hermitian, then sp(a) is real for a Hermitian, so that 
A is Hermitian. Conversely, if A is Hermitian, then each r assumes 
real values on Hermitian elements. Given any c E A, however, we can 
write c = a + ib with a,b Hermitian, so that for r G A{A) we have 
t{c*) = T{a) - ir(6) = r(a) + ir(6) = Vic). D 

(14.20). Corollary. Let A be a Hermitian commutative Banach 
^-algebra with A{A) ^ 0. The Gelfand transformation then is a 
^-algebra homomorphism. In particular, the range of the Gelfand trans- 
formation then is a *-subalgebra of i°°(^A{A)^ (not only a subalgebra) . 

(14.21). Proposition. Let A be a commutative Banach algebra. For 
two elements a,b of A we have 

sp(a + b) C sp(a) + sp(6) 

sp(a6) C sp(a)sp(6). 



Proof. This is an application of [(14.127 Indeed, if A G sp(a6), there 



exists T G A(A) such that T{ab) = X. But then A = T{a) T{b) where 
T{a) G sp(a) and r(6) G sp(6). D 
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(14.22). Theorem. Let A be a Banach algebra. If a, h are commuting 
elements of A, then 

sp(a + 6) C sp(a) + sp(6) 

sp(a6) C sp(a)sp(6). 

Proof. This follows from the preceding proposition by an application 
of the Theorem of Civin & Yood, cf. |(13.8) Indeed, this result says 



that there exists a commutative closed subalgebra B oi A containing a 
and 6, such that sp^(c) = sp^(c) for c G {a,h,a + b, ab }. D 



For the preceding theorem, see also (6.5) and (6.9) 



Finally an application to harmonic analysis: 
(14.23). Example. Consider the Banach *-algebra ^^(Z), cf. example 



(3.5) We are interested in knowing the set of multiplicative linear 
functionals of £ (Z). To this end we note that a multiplicative linear 
functional on £^(Z) is determined by its value at 5i. So let r be a 
multiplicative linear functional on i (Z) and put a := t(5i). We then 



have I a I < 1 by (14.2) But as 5_i is the inverse of Si, we also have 
r((5_i) = a~^ and | a~'' \ < 1. This makes that a belongs to the unit 
circle: a = e^* for some t G R/27rZ. For an integer k, we obtain 

T{Sk) = {t{Si)) = e''^*. This implies that for a G ^"^(Z), we have 

a(r) = ^a(A;)e''=*. 

fcez 

Conversely, by putting for some t G lR/27rZ 

r(a) :=^a(A:)e'^'* (a e A), 



a multiplicative linear functional r on ^^(Z) is defined. Indeed, we 
compute: 



fceZ keZ l+m=k 



As a multiplicative linear functional is determined by its value at Si, it 
follows that A(£ (Z)) can be identified with R/27rZ. Also, a function 
on R/27rZ is the Gelfand transform of an element of £ ^(Z) if and only 
if it has an absolutely convergent Fourier expansion. 
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From the abstract form of Wiener's Theorem (14.11)[ it follows now: 



(14.24). Theorem (Wiener). Let f be a function on R/2tcZ which 
has an absolutely convergent Fourier expansion. If f{t) ^ for all 
t e R/27rZ, then also 1// has an absolutely convergent Fourier 
expansion. 



This easy proof of Wiener's Theorem was an early success of the 
theory of Gelfand. 



Using (14.19) , the reader can now check that £^(Z) is a Hermitian 
Banach *-algebra. 



We shall return to the non-commutative theory in § 33 
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§ 15. The Gelfand Topology 

In this paragraph, let A be a Banach algebra. 

(15.1). Definition (the Gelfand topology, the spectrum). One imbeds 



the set A(y4) in the unit ball, cf. (14.2) , of the dual space of A equipped 



with the weak* topology, cf. the appendix (45.3) The relative topo- 



logy on A{A) is called the Gelfand topology. When equipped with the 
Gelfand topology, A{A) is called the spectrum of A. 

(15.2). Proposition. We have: 



(i) the closure A(y4) is a compact H aus dor jf space, 
{a) each point in A{A) is either zero or else a multiplicative linear 
functional. 



Proof, (i) follows from Alaoglu's Theorem, cf. the appendix (45.6) 
(ii): every adherence point of A (A) is a linear and multiplicative func- 
tional, n 



(15.3). Theorem. Either A{A) is compact or A{A) = A{A) U {too} 
where Tqo := 0, in which case A{A) is locally compact and A[A) is the 
one-point compactification of A{A). 

(15.4). Corollary. If A is unital, then A{A) is compact. 

Proof. We have r(e) = 1 for all r G A{A), whence a{e) = 1 for all 
a G A{A) because the property in question is preserved by pointwise 
convergence. On the other hand we have roo(e) = 0, so that Too ^ A{A), 
whence it follows that A{A) is compact. D 

(15.5). Lemma (the abstract Riemann-Lebesgue Lemma). If A{A) ^ 
0, then for all a E A, we have 

aeCo{A{A)). 

Proof. If A{A) is not compact, we have 

lim a{T) = lim T{a) = Too (a) = 0. D 



From (14.4) it follows: 
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(15.6). Corollary. If A{A) ^ 0, then the Gelfand transformation 
a \-^ a is a contractive algebra homomorphism 

(15.7). Proposition. Let A he a Hermitian commutative Banach 
*- algebra with A (A) ^ 0. The range of the Gelfand transformation 
then is dense in Co(A(y4)). 

Proof. One applies the Stone- Weierstrass Theorem, see the appendix 
(45.10)1 This requires |(14.20)[ D 



The remaining statements in this paragraph concern commutative 
C*-algebras, as well as their dual objects: locally compact Hausdorff 
spaces. 

(15.8). Theorem (the Commutative Gelfand-Naimark Theorem). // 
A is a commutative C*-algebra ^ {0}, then the Gelfand transformation 
establishes a G*-algebra isomorphism from A onto Co(A(y4)). 



Proof. It follows from (14.17) that A(y4) 7^ and that the Gelfand 



transformation is isometric, and therefore injective. The Gelfand trans- 
formation is a *-algebra homomorphism by (14.20)[ It suffices now to 
show that it is surjective. Its range is dense (15.7) and on the other 
hand complete (because a 1— > a is isometric) and thus closed. D 

Also of great importance is the following result which identifies the 
spectru m of a normal element 6 of a C*-algebra A with the spectrum 
of the C*-subalgebra of A generated by 6, 6*, and e. Please note 
le C*-subalgebra in question is commutative as h is normal. 



(I5.I; 



that t 



(15.9). Theorem. Let Abe a G*-algebra and let b be a normal element 
of A. Denote by B the G*-subalgebra of A generated by h, b* , and e. 
Then b is a homeomorphism from A (5) onto sp^(6) = sp^(6). 



Proof. We have sp^(6) = sp^(6) by (11.8) Furthermore, the map 



b is continuous and maps A(i?) surjectively onto sp^(6), cf. (14.12) 
It is also injective: if &(ti) = 6 (r2) then ri(p(6, 6*)) = T2(p(6, &*)) for 
all p e C[z,^]. Since the polynomial functions in b and b* are dense 
in B, it follows that ri = T2. The continuous bijective function b is 
a homeomorphism because its domain A (5) is compact and its range 
sp^(6) is a Hausdorff space, cf. the appendix (45.7) D 
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The preceding two theorems together yield the so-called "opera- 
tional calculus": 

(15.10). Corollary (the operational calculus). Let A be a C*-algebra 
and let b be a normal element of A. Let B be the C*-subalgebra of A 
generated by b, b* , and e. For f E C(sp(6)), one denotes by f{b) the 
element of B satisfying 

m = f°beC{A{B)). 

The mapping 

C(sp(6)) ^ B 

f ^ f{b) 

is a C*-algebra isomorphism, called the operational calculus for b. It 
is the only *-algebra homomorphism from C(sp(6)) to B mapping the 
identity function to b and the constant function 1 to e. The following 
Spectral Mapping Theorem holds: 

sp(/W)=/M&)) (feC{sp{b))). 



Proof. The uniqueness statement follows from (8.4) and the Stone- 



Weierstrass Theorem, cf. the appendix (45.10) D 



See also (12.1) 



Now for locally compact Hausdorff spaces. 

If fi is a locally compact Hausdorff space, then what is the spec- 
trum of the commutative C*-algebra Co(fi)? Precisely Q, as the next 
theorem shows. 

(15.11). Theorem. Let Q be a locally compact Hausdorff space ^ 0. 
Then A(Co(f2)) is homeomorphic to fi. 

Indeed, for each u E Q, consider the evaluation e^^ at uj given by 

e^ : Co(fi) -^ C 

/ ^ e^{f) := f{uj). 

Then the map to ^-^ 6^; is a homeomorphism n -^ A(Co(f2)), and 

fi^iu) = f{^) for all f G C{Q) and all u E Q. Thus, upon identifying 
e^ G A(Co(f2)) with u E fl, the Gelfand transformation on Co{p) 
becomes the identity map. 
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Before going to the proof, we note the following corollary. 

(15.12). Corollary. Two locally compact Hausdorff spaces Vt, Vt' ^ 
are homeomorphic whenever the C*-algebras Co{^), Co(fi') are iso- 



morphic as *-algebras. (Cf. (8.5) ) In this sense a locally compact 



Hausdorff space Vl is determined up to a homeomorphism by the 
*-algebraic structure of the C*-algebra Co{VL) alone. 



Proof of (15.11), Assume first that fi is compact, so Co (f^) = CiVt). 
Clearly each e:^ is a multiplicative linear functional on C{VL). The 
map a; 1^ £0; is injective since CiVt) separates the points of Vt (by 
Urysohn's Lemma). This map is continuous in the weak* topology 
because if Ua — > cu, then fiua) -^ fioj) for all / G CiVt). It now 
suffices to show that this map is surjective onto A(C(fi)) because a 
continuous bijection from a compact space to a Hausdorff space is a 



homeomorphism, cf. the appendix (45.7) By corollary |(14.10) the 



sets M^ := {/ G CiVt) : f{uj) = 0} {uj E Vt) are maximal ideals in 
C{yi), and it is enough to show that each maximal ideal in CiVL) is of 
this form. It is sufficient to prove that each maximal ideal / in C{VL) 
is contained in some M^. So let / be a maximal ideal in C(r2), and 
suppose that for each uj E Vt there exists /i^ G / with fujiuj) 7^ 0. The 
open sets { f^ ^ Q} {u E Vt) cover f2, so by passing to a finite subcover, 
we obtain fi, . . . , fn G / such that g := Y17=i fifi is > on fi . Then 



g E I would be invertible in C(r2), contradicting proposition (14.6) (ii). 

Next assume that Q is not compact, and consider the one-point 
compactification K of Q. Let 00 E K \Q he the corresponding point 
at infinity. We then may identify Co(f2) with the set of continuous 
complex- valued functions on K vanishing at 00, and hence we may 
identify C{K) with Cl^ © Co(fi). That is, C{K) "is" the unitisa- 
tion of Co(fi). This implies that A(C(ir)) may be identified with 
A(Co(fi)) U {Too}, where r^o := 0. Hence A{C{K)) "is" the one-point 



compactification of A(Co(f2)), cf. (15.3) (It is used that A(Co(fi)) 



is not compact, for else Co(fi) would be unital by the commutative 



Gelfand-Naimark Theorem (15.8) ) From the preceding paragraph, we 



have that the map cj t— > e:^ is a homeomorphism from K onto A (C(i^)) , 
and thus restricts to a homeomorphism from fi onto A(Co(fi)). □ 

It also follows that there is a bijective correspondence between the 
equivalence classes of commutative C*-algebras modulo *-algebra iso- 
morphism and the equivalence classes of locally compact Hausdorff 
spaces modulo homeomorphism. 
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§ 16. The Stone-Cech Compactification 

(This paragraph can be skipped at first reading. Ahhough this is 
the right time in a mathematician's education to acquire the present 
material.) 

We first have to fix some terminology. 

(16.1). Definition (completely regular spaces). A topological space 
fi is called completely regular if it is Hausdorff, and if for every non- 
empty proper closed subset C oi Q and every point uj & Q\C there 
exists a continuous function / on ^2 taking values in [0, 1] such that / 
vanishes on C and f{uj) = 1. 

Please note that every subspace of a completely regular Hausdorff 
space is itself a completely regular Hausdorff space. 

For example every normal Hausdorff space is completely regular 
by Urysohn's Lemma. In particular, every compact Hausdorff space 
is completely regular. It follows that every locally compact Hausdorff 
space is completely regular (by considering the one-point compactifi- 
cation). 

(16.2). Definition (compactification). A compactification of a Haus- 
dorff space fi is a pair {K, </)), where i^ is a compact Hausdorff space, 
and is a homeomorphism of fl onto a dense subset of K. We shall 
identify Q with its image 0(f2) C K, and simply speak of "the com- 
pactification K of Q" . 

Please note that at most completely regular Hausdorff spaces can 
have a compactification. 

For example ([—1, l],tanh) is a compactification of R. 

(16.3). Definition (equivalence of compactifications). Any two com- 
pactifications {Ki,(f)i), (i^2,02) of a Hausdorff space Q are said to be 
equivalent in case there exists a homeomorphism 6 : Ki -^ K2 with 

O (pi = 02- 

(16.4). Definition (completely regular algebras). Let f] 7^ be a 
Hausdorff space, and let A be a unital C*-subalgebra of Ci,{Q). One 
says that A is completely regular if for every non-empty proper closed 
subset C oi Q and for every point 00 E Q\C, there is a function f E A 
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taking values in [0, 1] such that / vanishes on C and /(cu) = 1. In 
particular Vt is completely regular if and only if the unital C*-algebra 
Cfc(r2) is completely regular. 

We can now characterise all compactifications of a completely 
regular Hausdorff space: 

(16.5). Theorem (all compactifications). Let Q ^ be a completely 
regular Hausdorff space. The following statements hold. 

(i) If A is a completely regular unital C*-subalgebra of Cb(f2) 
then {A{A),e) is a compactification ofQ, where e is the map 
associating with each u & Vt the evaluation e^ at oj of the 
functions in A. For f E A, there exists a (necessarily unique) 
function g G C(A(A)) with f = g o e. It is interpreted as the 
"continuation of f to the compactification" . It is given as the 
Gelfand transform of f . 
(ii) If {K, 0) is a compactification of Q, then 

AK:={go(l):geC{K)}cCt{n) 

is a completely regular unital C*-subalgebra of Cb{^), and the 
"restriction map" C{K) -^ Ak, g ^^ g o (p is a C*-algebra 
isomorphism. The compactification {K, 0) then is equivalent 
to the compactification associated with A := Ak as in (i). 
{Hi) Two compactifications K , K' of Q are equivalent if and only 

lfAK = AK'. 

In other words, the equivalence classes of compactifications KofVt are 
in bijective correspondence with the spectra of the completely regular 
unital C*-subalgebras A^ of Cb{^). The A^ consisting of those func- 
tions in Cb(fi) which have a continuation to K . 

Proof, (i): Let A be a completely regular unital C*-subalgebra of 



CbiVt). Then A(y4) is a compact Hausdorff space by (15.4) For tu G f2, 
the evaluation e^ at uj of the functions in A is a multiplicative linear 
functional on A because it is non-zero as A is unital in Ch{^)- The map 
e : uo \^ e^^ thus takes Vt to A (A). Moreover the Gelfand transform g 
of a function f in A satisfies f = g o e as fiu) = e^{f) = g{euj) 
for all u E Q. The set e{Q) is dense in A{A). For otherwise there 
would exist a non-zero continuous function g on A{A) vanishing on 
e{Q). (By Urysohn's Lemma.) The Commutative Gelfand-Naimark 



Theorem (15.8) would imply that there exists a unique function f G A 
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whose Gelfand transform is g, and since g ^ 0, one would have / 7^ 0, 
contradicting f = g o e = 0. The map e : Q ^ ^(^) is injective 
because A separates the points of Q. (As A is completely regular 
and Q is Hausdorff.) This map is continuous in the weak* topology 
because if Wq, — >• cu then f{ua) -^ f{oj) for all / G A. To see that 
£ is a homeomorphism from Vt onto e{VL), it remains to show that 
£ : i7 — > eiyt) is open. So let f/ be a non-empty proper open subset of 
Vt. For oj eU ,\et f E A such that / vanishes on fi \ [/ and /(tu) = 1. 
Denote by g the Gelfand transform of /. The set V := g~^{G \ {0}) 
is an open neighbourhood of e^ in A(A). Now the set s{U) contains 
V n eiyt) and so is a neighbourhood of e^ in eiVt). Therefore e{U) is 
open in eiVt). 

(ii): Let (/T, 0) be a compactification of Vt. The map from C(K) to 
^i^- given by 5^ I— > f7 o 0, is interpreted as "restriction to Q" . It clearly 
is a *-algebra homomorphism. It is isometric (and thus injective) by 
density of (j){fl) in K. Hence the range Ak of this map is complete, and 
thus a unital and completely regular C*-subalgebra of Cb{^)- Since the 
above map is surjective by definition, it is a C*-algebra isomorphism. 
It shall next be shown that {K, 0) is equivalent to the compactification 
associated with A := Ak as in (i). For x E K, consider 9^ : f ^ g{x), 
(/ £ ^k), where g is the unique function in C{K) such that f = g o (p, 
see above. Then 6x is a multiplicative linear functional on Ak because 
it is non-zero as Ak is unital in Cb(fi). Now the map 6 : K ^ A{Ak), 
X ^-^ 6x is the desired homeomorphism K -^ A{Ak)- Indeed, this map 



is a homeomorphism by theorem (15.11) because Ak is essentially the 



same C*-algebra as C{K), see above. It is also clear that 6 o (j) = e. 
(iii) follows essentially from the last statement of (ii). D 

For example if fi 7^ is a locally compact Hausdorff space which 
is not compact, then the one-point compactification of Vt is associated 
with CIq © Coiyt), as is easily seen. 

(16.6). Definition (Stone-Cech compactification). Let {K^cj)) be a 
compactification of a Hausdorff space Vt. Then {K,(j)) is called a 
Stone-Cech compactification of Q if every / G Cb{^) is of the form 
f = g o <p for some g G C{K). The function g then is uniquely deter- 
mined by density of 0(fi) in K. 

In other words, a Stone-Cech compactification of a Hausdorff space 
Jl is a compact Hausdorff space K containing fi as a dense subset, such 
that every function / G CbiVt) has a (necessarily unique) continuation 
toK. 
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(16.7). Corollary. Let Q be a completely regular Hausdorff space. 
There then exists a Stone-Cech compactification ofVt, and it is unique 
within equivalence. It is denoted by {(3VL.,e), or simply by (3VL. 



Proof. Apply theorem (16.5) above with A := C^i^) if (] 7^ 0. D 



Hence the following memorable result. 

(16.8). Corollary. A Hausdorff space is completely regular if and 
only if it is homeomorphic to a subspace of a compact Hausdorff space. 

(16.9). Theorem (the universal property). Let Q ^ be a completely 
regular Hausdorff space. The Stone-Cech compactification {(3VL,e) offl 
enjoys the following universal property. Let K be a compact Hausdorff 
space, and (j) be a continuous function Q —>■ K. Then has a (neces- 
sarily unique) continuation to (3Q. That is, there exists a (necessarily 
unique) continuous function : f3Q -^ K with (p o e = (p. If {K, 0) is 
a compactification ofQ, then is surjective. This shows among other 
things that the Stone-Cech compactification f3Q of Q is the "largest" 
compactification ofQ in the sense that any other compactification offi 
is a continuous image of pfi. 

Proof. Put A := Cb{n) and B := C{K). Let {(3K,i) be the Stone- 
Cech compactification of K. Then jSK is homeomorphic to i^ as i^ 
is compact. The map induces an "adjoint" map tt : B ^ A hj 
putting n^g) '■= g o (p, (g E B). The map vr is a unital *-algebra 
homomorphism, and hence induces in turn a "second adjoint" map 
TT* : A(A) -> A{B), by letting 7r*(r) := r o tt [re A{A)). The map 
Tc* is continuous by the universal property of the weak* topology, cf. 



the appendix (45.3) , We have vr* o e = z o as for cj G fi, (? G -B, one 
computes 

{{ti* oe){uj)){g) = {n*{eu,)){g) = {e^on){g) = e^ {71(g)) = e^{g o (f)) 
= {go<p)(co)=g{<Pico)) = (z(0(^)))(^) = ((z o 0)(^))(^). 



Now let := i^^ o tt*. This map is continuous because i is open. Also 
o £ = i~^ o TT* o £ = as required. Finally, if {K, 0) is a compacti- 
fication, then 0(f2) is dense in K. Then 0(/3r2) is dense in K the more, 
and also compact, so that 0(/5f2) = K. D 



CHAPTER 3 
Positive Elements 

§ 17. The Positive Cone in a Hermitian Banach *-Algebra 

(17.1). Reminder (cone). A cone in a real vector space V is a non- 
empty subset C of V such that for c E C and A > also Ac G C . 

(17.2). Definition (positive elements). Let A be a *-algebra. We 
shall denote by 

A+:= {ae Asa ■ spA(a) C [0,oo[} 

the set of positive elements in A. To indicate that an element a E A 
is positive, we shall also write a > . We stress that positive elements 
are required to be Hermitian . The set of positive elements in A is a 
cone in Aga- 



(17.3). Proposition. Let n : A ^ B be a *-algebra homomorphism 
from a *-algebra A to a *-algebra B. If a E A^, then 7r(a) G 5+. 



Proof. sp(7r(a)) \ {0} c sp(a) \ {0}, cf. (4.9) 



D 



(17.4). Proposition. Let A be a normed *-algebra. Let B be a Her- 
mitian complete *-subalgebra of A. (Cf. (11.5)\) For b E B, we have 



b E B+^bE A^ 



Proof. spb(6) \ {0} = sp^(6) \ {0}, cf. (11.8) D 



(17.5). Theorem ((in-)stability of ^4+ under multiphcation). Let A be 
a Hermitian Banach *-algebra. If a,b E A^, then the product ab is in 
A^ if and only if a and b commute. 
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Proof. For the "only if" part, see (1.10) Assume now that a,b G A 



commute. We can then assume that A is commutative and unital by 
an apphcation of the Theorem of Civin & Yood, cf. |(13.8)[ Indeed, this 



result says that there exists an automatically Hermitian (11.5) 



commu- 



tative unital closed *-subalgebra B oi A containing a and b, such that 
sp^(c) = spq{c) for c G { a, b, ab }. Now the elements -e + a (n > 1) 
have Hermitian square roots a„ = a„*, cf. (9.5), The elements -e + b 



The elements a„&ri 



In , CI. 

{n > 1) have Hermitian square roots 6„ 
are Hermitian by commutativity, and so have real spectrum. Hence 
sp((a„6„) ) C 11+ for all n (Rational Spectral Mapping Theorem). 
The continuity of the spectrum function in a commutative Banach 
algebra [(6.9) shows that 



ab = lim a„^ bn = lim ianbn) > 0. 



D 



Our next aim is the Shirali-Ford Theorem (17.14) On the way. 



we shall see that the set of positive elements of a Hermitian Banach 
*-algebra A is a closed convex cone in Asa- 



(17.6). Proposition. Let A he a Hermitian Banach ^-algebra. For 
two Hermitian elements a = a*,b = b* of A, we have 



Proof. By [(113) 



(iii), we have 



Tx{ab) < Taiab) = r\{baab) =r_)^(a^6^) 

where we have made use of the fact that T^i^cd) = T^^dc) for c,d E A, 
cf. (6.4) By induction it follows that 

''^XyO'b) <i\^\a^ ' b^ '\ <|ct '^| ■ \b^ '\ 

for all n > 1. It remains to take the limit for n —^ oo. D 



(17.7). Theorem. If A is a Hermitian Banach *-algebra then A^ is a 
convex cone in Aga- 



Proof. Let a, b be positive elements of A. It shall be shown that a + b 
is positive. Upon replacing a, b by suitable multiples, it suffices to show 
that e + a + 6 is invertible. Since e + a and e + b are invertible, we 
may define c := a{e + a)^ ,d := b{e + b)^ . The Rational Spectral 
Mapping Theorem yields r\(c) < 1 and T\{d) < 1. The preceding 
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proposition then gives T^{cd) < 1, so e — cd is invertible. We now have 
(e + a) (e — cd) {e + b) = e + a + b, so that e + a + 6 is invertible. D 

(17.8). Proposition. Let A be a Hermitian Banach *-algebra. Let 
a = a*,b = b* be Hermitian elements of A. We then have 

rx{a + b)<Tx{a)+Tx{b), 

whence also 

I r^W - T^xib) I < T^^{a -b)<\a~b\. 

It follows that T^ is uniformly continuous on Aga- 

Proof. We have 

Y^{a)e±a>0, i^{b)e±b>0, 



and so, by (17.7) 



(r;^(a)+r;^(6))e±(a + 6)>0, 

whence 

r^{a + b)<Tx{a)+Tx{b). □ 

(17.9). Lemma. Let A be a Banach algebra, and let a be an element of 
A with real spectrum. For r > rj)^(a), we have 

min sp(a) = r — t^Itc — a). 

(Please note that sp(re — a) G [0, oo[.^ Hence the following statements 
are equivalent. 

(i) sp(a) C [0,oo[, 
(ii) r_)^(re — a) < t. 

Proof. For r > T^^{a), we obtain 

r^(re — a) = max { | a | : a E sp(re — a)} 
= max { I a I : a E r — sp(a) } 
= max { I r — A I : A G sp(a) } 
= max { r — A : A G sp(a) } 
= r — min sp(a). D 

(17.10). Theorem. If A is a Hermitian Banach *-algebra then A+ is 
closed in Aga- 
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Proof. Let {an) be a sequence in y4+ converging to an element a of 



Asa- There then exists r > such that r > 
follows that also r > \a\ > T^{a). By 



> r\ (ar,) for all n. It 



17.8 



and 



'A 



17.9) 



we have 



rx (re - a) = lim rx (re - a„) < 



r. 



D 



(17.11). Theorem. If A is a Hermitian Banach *-algebra then A^ is 
a closed convex cone in Aga- 



Proof. This is the theorems (17.7) and (17.10) 



D 



(17.12). Theorem. Let A be a Banach *-algebra. Let a > 2 and put 

(3 := a + 1 . The following statements are equivalent. 

(z) A is Hermitian, 

{ii) for each a & A one has sp(a*a) C [—A, A], 
where A := max ( ( sp(a*a) fl R+ ) U { } ) , 
{Hi) for all a E A with rcr(a) < 1, one has Ta{c) < 1, 

where c := a ~^{l3a — aa*a), 
{iv) sp{a*a) does not contain any A < whenever a E A. 
{v) e + a*a is invertible in A for all a E A. 



(17.13). Remark. In their definition of a C*-algebra, Gelfand and 
Naimark had to assume that e + a*a is invertible in A for all a E A. The 
above theorem reduces this to showing that a C*-algebra is Hermitian 



11.4) Before going to the proof, we note the following consequence. 



(17.14). Theorem (the Shirali-Ford Theorem). A Banach *-algebra 
A is Hermitian if and only if a*a > for all a E A. 



Proof of (17.12), The proof is a variant of the one in the book of 
Bonsall and Duncan |23j , and uses a polynomial rather than a rational 
function. 



(i) =^ (ii). Assume that A is Hermitian, let a E A, and let A be as 
in (ii). We obtain sp(a*a) C ] — oo,A] as a*a is Hermitian. Let now 
a = 6 + ic where b,c E Asa- We then have aa* + a* a = 2(6^ + c^), 

,2 



We then have aa* + a*a 
^) + {Xe-a*a) > by convexity of A+\{17.7) 



whence Ae+aa* = 2{b^ + c" ) + [Ae — a"'a 

so that sp(aa*) C [— A, oo[. One concludes that sp(a*a) C [—A, A] as 

sp(a*a) \ {0} = sp(aa*) \ {0}, cf. |(4.11 
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Intermediate step. Consider the polynomial p{x) = a '"^ x [jS — x) . 
If c is as in (iii), then c*c = p(a*a), whence sp(c*c) = p(sp(a*a)). Please 
note that p{l) = 1 and hence p{x) < 1 for all a; < 1 by monotony. 

(ii) =^ (iii). Assume that (ii) holds. Let a G A withrcr(a) < 1. Then 
sp(a*a) C [— 1, 1] by (ii). Let c be as in (iii). Then sp(c*c) c] — oo, 1] by 
the intermediate step. Again by (ii), it follows that sp(c*c) C [—1, 1]. 

(iii) =^ (iv). Assume that (iii) holds and that (iv) does not hold. 
Let (5 := — inf IJ^ g ^ J. (q) < i sp(a*a) fl R. We then have 6 > 0. 

It follows that there exists a G A, 7 > 0, such that T(j{a) < 1, —7 G 
sp(a*a), and 7 > (a//?) 6. With c as in (iii), we then have rcr(c) < 1 
by assumption. The definition of 6 and the intermediate step then 
imply p(— 7) > —6, that is a~^7(/9 + 7) < 6. Hence, using 7 > 0, 
we obtain the contradiction 7 < {a/ (3) S. 

(iv) =^ (v) is trivial. 

(v) =^ (i). Assume that (v) holds. Let a = a* be a Hermitian 
element of A. Then —1 ^ sp(a^), so that i ^ sp(a) by the Rational 
Spectral Mapping Theorem. It follows via |(11.3)| (ii) =^ (i) that A is 
Hermitian. D 

(17.15). Lemma. Let n : A ^ B be a *-algebra homomorphism from a 
Banach *-algebra A to a Banach *-algebra B. If B is Hermitian, and 

if 

rcr(7r(a)) = rcr(a) for all a E A^ 

then A is Hermitian. 



Proof. This follows from |(17.12)] (i) ^ (iii). D 



(17.16). Theorem (stability of A_|_ under ^-congruence). If A is a Her- 
mitian Banach *-algebra, and a G Aj^, then c*ac G A^ for every c & A. 

Proof. The eleme nts ^e + a [n > 1) have Hermitian square roots 
6„, = b* in Asa, cf. 



(9.5) 



It follows that 
c*ac = lim c*bn^c = lim {bnc)*{bnc) > 0, 



cf. |(17.14)| and |(17.10)[ D 



We also give the next result, in view of its strength, exhibited by 
the ensuing corollary. 
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(17.17). Proposition. Let A be a Banach ^-algebra. Let a > 2 and 
put P := a + 1. The following statements are equivalent. 

(i) A is Hermitian, 
(a) for each a E Asa one has sp(a^) C [—A, A], 

where A := max ( ( sp (a ^) fl R+ ) U { } ) , 
{Hi) for all a G Asa with r\ (a) < 1, one has r\ (c) < 1, 

where c := a~^ (/5a — a^) , 
iiv) for all a G Asa with T)^{a) < 1, and all A G sp(a), 

one has | a ~^X (/5 — A ^) | < 1, 
(v) sp(a^) does not contain any A < for all a G Asa- 
{vi) e + a^ is invertible in A for all a G Asa- 



Proof. The proof follows the lines of the proof of theorem (17.12) , cf. 



(7.2), D 



(17.18). Corollary. A Banach *-algebra A is Hermitian if (and only 
if) there exists a compact subset S of the open unit disc, such that 
a G Asa and r_)^(a) < 1 together imply sp(a) C [—1, 1] U 5. 

Proof. Let A be a Banach *-algebra. Assume that S" is a compact 
subset of the open unit disc such that a G Asa and r^(a) < 1 together 
imply sp(a) C [—1,1] U S. To show that A is Hermitian, one applies 
(iv) of the preceding proposition with a > 2 so large that 

a/ {a + 2) > max { | A | : A G S }. 

Indeed, with /3 := a + 1 we have the following. Let a G Asa with 
r\(ct) < 1, and let A G sp(a). If A does not belong to [—1, 1], then it 
belongs to S, whence 

|A| <«/(« + 2) = a/{(3+l) <a/|/9-A^|, 

Also, if A belongs to [ — 1, 1 ], then 

\a-^\{p-\'^)\<l 

by differential calculus. D 

(17.19). Remark. Some of the preceding results have easy proofs 
in presence of commutativity, using multiplicative linear functionals. 
Al so, in 1(17.5)1 the assumption that A be Hermitian can be dropped. 



cf. (14.22) Our proofs leading to these facts however use the Lemma 



of Zorn, cf. the remark (13.11) 
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§ 18. The Polar Factorisation of Invertible Elements 

(18.1). Definition (polar factorisation). If A is a Hermitian Banach 
*-algebra, and if a G A is invertible , then a pair {u,p) ^ A x A shall 
be called a polar factorisation of a, when 

a = up, with u unitary in A, and p positive in A. 
We stress that this is a good definition only for invertible elements. 

(18.2). Theorem (existence and uniqueness of a polar factorisation). 
Let A be a Hermitian Banach *-algebra. An invertible element a of 
A has a unique polar factorisation {u,\a\). The element \a\ is the 
unique positive square root of a* a in A. It is called the absolute value 
of a. (Even though the notation clashes with the notation for the norm.) 

Proof. If {u,p) is a polar factorisation of a, then a*a = p"^. Indeed 
a*a = {up)* {up) = pu*up = p"^ since p = p* (as p is positive), and 
because u*u = e (as m is unitary). In other words p must be a positive 
square root of a* a. We shall show next existence and uniqueness of a 
positive square root of a*a in A. 

The Shirali-Ford Theorem 



(17.14) says that since A is Hermitian, 



we have a*a > 0. In particular sp(a*a) C [0, oo[. Also, with a, the 
elements a* and a*a are invertible (with respective inverses (a~^) and 
a~^[a~^) ). Thus sp(a*a) C ]0, cxd[. It follows from theorem (9.5) 



that a* a has a unique square root with spectrum contained in ]0, oo[. 
Furthermore this square root is Hermitian, cf. the same theorem. We 
shall denote this square root with \a\. Then | a | is an invertible positive 
element of A with \a\ = a*a. Please note also that this square root 
also is unique within all positive elements of A, cf. the same theorem. 

Since | a | is invertible, the equation a = u\a\ implies u = a\a\~ . 
In particular, u is uniquely determined, and so there is at most one 
polar factorisation of a. We can also use this formula to define u. We 
note that u := a \ a \ ~ satisfies u*u = e because 



u u = [ \a\ ) a a\a\ = [ \a\ ] \a\ \a\ =e. 



\\a\ j a a\a\ =(|a| j 

We also note that u is invertible, as a is invertible by assumption. So 
u has u* as a left inverse, as well as some right inverse. It follows from 



(4.1) that u* is an inverse of m, i.e. the element u is unitary. In other 



words, a polar factorisation of a exists, and the proof is complete. D 
The reader will recognise the terms below from Hilbert space theory. 
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(18.3). Definition (idempotents and involutory elements). Let A be 
an algebra. One says that p G A is an idempotent, ii p^ = p. One says 

that a & A is involutory, if a^ = e, that is, if a = a~^. 

(18.4). Definition (projections and reflections). Let A be a *-algebra. 
One says that p G A is a projection, if p is a Hermitian idempotent: 

P = P = p . 

Two projections p and q in A are called orthogonal, if pg = 0. Then 
also gp = by taking adjoints. 

Two projections p and q in A are called complementary, if they are 
orthogonal, and ii p + q = e. 

One says that u E A is a reflection , if u is both Hermitian and 
unitary: u = u* = u~^. 

(18.5). Example. If p and q are two complementary projections in a 
unital *-algebra, then p — q is a reflection. Indeed, one computes: 

ip-q)*ip-q) = {p-q){p-q)* = (p- q) = p^+q'^-pq-qp = p+q = e. 

(18.6). Theorem (the structure of reflections). Let u be a reflection 
in a unital *-algebra. Then the following statements hold. 

(i) u is involutory: u^ = e, 
{ii) sp{u) C{-1,1}, 

(Hi) we have u = p — q, where the elements p := | (e + -u) and 
q := I ( e — M ) are complementary projections. 

Proof. The element u is involutory because u = u* = u~^ implies 
that u'^ = e. It follows from the Rational Spectral Mapping Theorem 
that sp(-u) C { — 1, 1}. Next, the elements p and q as in (iii) obviously 
are Hermitian, and we have p — q = u as well &s p + q = e. To show 
that p and q are idempotents, we note that 



2 y 4 4 2 

To show that the projections p and q are orthogonal, we calculate: 

11 1 

Pq= ^{(i + u)- -{e-u) = -{e'^ -u^)=Q. n 

(18.7). Corollary. In a unital *-algebra, the reflections are precisely 
the differences of complementary projections. 
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(18.8). Theorem (orthogonal decomposition). If A is a Hermitian 
Banach *-algehra, and if a is an invertible Hermitian element of A, 
there exists a unique decomposition a = a^—a_, with a+ anda_ positive 
elements of A satisfying a+ a^ = a- a+ = 0, namely a+ = ^(|a| + a) 
and a_ = ^(|a|— a). 

Proof. To show uniqueness, let < a^, a^ E A with a = aj^ — a_, 
and a I a_ = a_ a i = 0. Then a^ = (a+ — a) = (a+ + a_) , whence 



a+ + a^ > (17.7) is a positive square root of a^ = a*a. This makes 
that a+ + a^ = \a\, the absolute value of a, cf. theorem |(18. 2) The 



elements a+ and a_ now are uniquely determined by the linear system 
a+—a- = a, a^+a- = \a\, namely a+ = | ( | a |+a), a_ = ^ ( | a |— a). 



Now for existence. By theorem (18.2) , there exists a unique unitary 



u G A such that a = u\a\. It has also been noted in the statement of 
this theorem that | a | is the unique positive square root of a*a = a ^ in 
A. Please note that with a and u, also the elements a ^ and \a\ = u~^ a 
are invertible. (The set of invertible elements of A forming a group.) 

We need to s how t hat the elements a, | a |, | a | ~ ■, u commute pair- 
wise. Theorem |(9.5)| says that | a | is in the closed subalgebra of A 
generated by a*a = a ^. It follows that if c G A commutes wi th g^ 
then c also commutes with | a | , and thus also with | a | ~ , cf. (4.4) 
Choosing c := a, we see that a commutes with | a \ and | a | ~ . Hence 
a also commutes with u = a\a\^ . Choosing c := m, we see that u 
commutes with | a \ and | a | ~ . The elements a, \a\, \a\~ , u thus 
commute pairwise. 

Our intuition says that u should be Hermitian because a is so. In- 
deed u = a\a\~ is Hermitian by the commutativity of a and | a | ~ , 



cf. (1.10) This makes that m is a Hermitian unitary element, that is: 



a reflection, and thus of the for m u = p — q with p and q two com- 



plementary projections in A, cf. (18.6) We can now put a+ := p\a 



I ) 



a_ := g I a |. Please note that a projection in A is positive by the Ratio- 
nal Spectral Mapping Theorem. So, to see that the elements a+ and a_ 
are positive, we need to show that our two projections commute with 



I a I, cf. theorem (17.5), This however follows from the commutativity 
of u and | a | by the special form of our projections, see theorem |(18.6)| 
(iii). The commutativity of our two projections with | a | is used again 
in the following two calculations: a^a^ = p\a\q\a\ = pq\a\ =0, 
and a_a+ = q\a\p\a\=qp\a\ =Oby the orthogonality of our two 
projections. Also a = u\a\ = {p — q)\a\=a+ — a^. D 
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A stronger result holds in C*-algebras, cf. theorem (19.13) below. 
We have again avoided the Gelfand transformation, see our remarks 
(13.11)1 and [(17.19) 
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§ 19. The Order Structure in a C*-Algebra 

In this paragraph, let {A, || ■ ||) be a C*-algebra. 

(19.1). Theorem. We have A+ n (-A+) = {0}. 

Proof. For a G A+ n (— A+), one has sp(a) = {0}, whence || a || = 
r^(a) = 0, cf. (7.6) , so that a = 0. D 



(19.2). Definition (proper convex cone). A convex cone C in a real 
vector space is called proper if C fl (— C) = {0}. 

The positive cone A^ thus is a proper closed convex cone in Aga- 

(19.3). Definition (ordered vector space). Let i? be a real vector 
space and let C be a proper convex cone in B. By putting 

a<b:^b-aeC {a,b E B), 

one defines an order relation in B. In this way B becomes an ordered 
vector space in the following sense: 

(z) a<b^a + c<b + c {a,b,cEB) 

(a) a<b^Xa<Xb {a,b e B,X e R+). 

The Hermitian part Asa thus is an ordered vector space. 

(19.4). Proposition. For a g Asa we have —\\a\\e<a< || a || e. 

(19.5). Theorem (a^/^). A positive element a G A has a unique pos- 
itive square root, which is denoted by a^. It belongs to the closed 
subalgebra of A generated by a. (Which also is the C*-subalgebra of A 
generated by a.) 



Proof. This is a restatement of theorem (12.3), D 



(19.6). Theorem. For a G A, the following statements are equivalent. 

(i) a>0, 

(ii) a = b for some b in A+, 
{Hi) a = c*c for some c in A. 



Proof, (iii) =^ (i): the Shirali-Ford Theorem (17.14) D 
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(19.7). Theorem. Let tt : A ^ B be a *-algebra homomorphism from 
A to a *- algebra B. Then n is injective if and only if a E A+ and 
7r(a) = imply a = 0. 



Proof. If 7^ 6 e kervr, then 7^ 6*6 G ker 7rny4+ by the C*-property 



(2.8) and the preceding theorem. 



D 



1^19.8). Definition. The absolute value of a e A is defined as 

I I ^ * \ 1/2 
\ a \ := [a a) ' . 



This is compatible with theorem (18.2) above. 



(19.9). Theorem. If n is a *-algebra homomorphism from A to an- 
other C*-algebra, then 

vr ( I a I ) = 1 7r(a) | for all a E A. 



Proof. It suffices to note that vr ( | a | ) is the positive square root of 
7r(a)*7r(a). Indeed vr ( | a | ) > as | a | > 0, cf. (17.3) , and tt ( | a | ) = 
TT ( I a I ) = 7r(a*a) = 7r(a)*7r(a). D 



(19.10). Proposition. For a e A, we have 

II I a I II = II a II as well as ro-(a) = Y^(^\a\). 



Proof. One calculates with (6.3) 



^a(I"I)^ = ^a(I"I^) = ^a("*") = ^^' 



D 



(19.11). Proposition. For a, b e Aga, if < a < b, then \\a\\ < 

Proof. If < a < 6 then 6 < || 6 || e and 6 ± a > 0. It follows that 
II 6 II e ± a > 0, whence || 6 || > T^{a) = || a ||. D 

(19.12). Corollary. For a, 6 e A, z/ | a | < | 6|, then also \\a\\ < 
11611. 



Proof. If | a | < | 6 1, then || | a 1 1| < || | 6 1 1|, cf. |(19.11)[ which is the 
same as || a || < || 6 ||, cf. (19.10) D 
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(19.13). Theorem (the orthogonal decomposition). For a Hermitian 
element a = a* of A, one defines 



We then have 



-(|a|+a) and a_:=-(|a|— a). 



(i) a+,a^ G A+, 
(ii) a = a-\. — a-, 
{Hi) a_|_ a_ = a_aj^ = 0, 

and these properties characterise a-|_, a_ uniquely. 



This is compatible with theorem (18.8) above. 



Proof. We shall first show uniqueness. So let 01,02 G A+ with a = 
Oi — 02 and Oi 02 = 02 oi = 0. We obtain \a\ = a ^ = (oi — 02) = 
(fli + 02) 5 whence | a | = ai + 02 by the uniqueness of the positive 
square root in A, and so ai = a+, 02 = a-. 

We shall next prove that a+ and a_ do enjoy these properties, (ii) is 
clear, (iii) holds because for example a+a^ = |(|a|+a) (|a|— a) = 
^(|a| — a^)=0. For the proof of (i) we make use of the weak 



form of the operational calculus (12.1) Let "abs" denote the function 



i — i> 1 1 1 on sp(a), and let "id" denote the identity function on sp(a). 
We have a = id(a) by a defining property of the oper ational calculus. 

We also have \a\ = {a*a)^^'^ = (a^) = abs(a) by (12.2) together 



with the uniqueness of the positive square root. Now consider the 
functions on sp(a) given by /+ := ^ (abs + id) and /_ := | (abs — id). 



We then have /+(a),/_(a) G A^ by (12.2) From the homomorphic 
nature of the operational calculus, we have a = f+{a) — /_ (a) as well as 
f+{a)f-{a) = f-{a)f+{a) = 0. It follows from the uniqueness property 
shown above that /+(a) = a+ and /-(a) = a_, and the statement 

follows. n 



(19.14). Corollary. The positive part A^ of A is a generic convex 
cone in Asa, «-e. Aga = A+ + (-A+). 

(19.15). Corollary. For a Hermitian element a = a* of A, we have 

— \a\ < a < \ a\. 
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(19.16). Corollary. Every Hermitian element of the C*-algehra A 
is the product of two Hermitian elements of A. Please note that the 



factors necessarily commute, cf. (1.10) 



Proof. Let a = a* be a Hermitian element of A. We can assume that 
A is commutative by going over to the C*-subalgebra of A generated 
by a, which is commutative as a is Hermitian. We then compute 



a I — a_ 



1/2 



1/2 



a_ 



(a+)^^^ + (a_) 



1/2 



1/2 



(a+) 



1/2 



1/2 



D 



We now turn to special C*-algebras. 

(19.17). Proposition. For a locally compact Hausdorff space Vl ^ 0, 
consider the C*-algehra A := Co{VL). Let f & A. Then the two mean- 
ings o/ 1/1 coincide. (One being the absolute value in the C*-algebra A, 
the other being the absolute value of the function.) 



Proof. Let |/| be the absolute value of the function /. Then |/| G 
A+ because |/| = VT/I vl/l- (Please note that v|/l is a Hermitian 
element of Co(fi).) From | / | = //, one sees that |/| is a positive 
square root of //. The statement now follows from the uniqueness of 
the positive square root. D 



(19.18). Corollary. For a locally compact Hausdorff space Q ^ 0, 
the order in Co{^)sa is the pointwise order. 

For the C*-algebra B{H) with H a Hilbert space, we have: 

(19.19). Theorem. Let H be a Hilbert space and let a e B{H). The 
following properties are equivalent. 

ii) a > 0, 
{ii) (ax, x) > for all x E H. 



Proof. Each of the above two properties implies that a is Hermitian. 
(i) =^ (ii). If a > 0, there exists b E B{H)sa such that a = b'^, and so 

{ax,x) = {b'^x,x) = {bx,bx) > for all x E H. 
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(ii) =^ (i). Assume that {ax,x) > for all x ^ H and let A < 0. Then 

II / \ -1] \ II 2 II II 2 o A / \ I A 2 II II 2 ^ ■» 2 II II 2 

||(a — Aljx II = II ax II —2A{ax,x} + A \\x\\ > A || x || . 

This iniphes that a — XI has a bounded left inverse. In particular, 
the null space of a — Al is {0}. It follows that the range of a — Al is 
dense in H, as a — Al is Hermitian. So the left inverse of a — Al has 
a continuation to a bounded linear operator defined on all of H. By 
taking adjoints, it follows that a — Al also is right invertible, and thus 
invert ible by (4.1)[ D 



(19.20). Theorem (the order completeness of B{H)sa)- Let H he a 
Hubert space. Let {ai)i^i be an increasing net of Hermitian operators 
in B{H)sa which is bounded above in B{H)sa- There then exists in 
B{H)sa the supremum a of the ai {i E I). We have 

ax = lim aiX for all x & H. 

Proof. For x E H, the net ((ajXjX)) is increasing and bounded 
above, so that limjg/ (ajX, x) = sup^gj (ajX, x) exists and is finite. By 
polarisation, we may define a Hermitian sesquilinear form (f on H via 

cp{x,y) = \im{aiX,y) {x,y e H). 

This Hermitian form is seen to be bounded in the sense that 

sup \ip {x,y)\ < oo. 

II X II, I1 1^ II < 1 

Hence there is a unique a G B{H)sa with 

{ax, y) = ip{x, y) = lim (ajX, y) for all x,y E H. 

For X E H we get {ax,x) = sup^gj {aiX,x), and it follows by the pre- 
ceding theorem that a is the supremum of the set {oj : i G /}. It 
remains to be shown that the net {ai)i^i converges pointwise to a. For 



this purpose, we use that a — Oj > for all i E I. By (17.16) we have 
(a — Oj) = (a — flj) (a — Oj) (a — Oj) 

^ / N 1/2 II II / \ 1/2 II II / \ 

< (a — ajj II ct ~ Q-j II {ci — cii) = II '^ ~ (^i II \(^ ~^ '^ij- 
Whence, for x E H, 

\\{a — ai)x\\ = {{a — Qi) x,x) 

< II a — Oj II ((a — ai) x,x). 
The statement follows because any section ( || a — ctj || )i > ^ is decreas- 



ing by (19.11), and thus bounded. D 
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We return to abstract C*-algebras with the following theorem. It 
will play a decisive role in the next paragraph. 

(19.21). Theorem (monotony of the inverse operation). Let a,h E 

Asa with < a < b and with a invertible. Then b is invertible with 
0<b-^ < a-\ 

Proof. Since a > is invertible, we have a > ae for some a > 0, so 
that also b > ae, from which it follows that 6 > is invertible. Also 
b^ > by the Rational Spectral Mapping Theorem. On one hand, we 
have 

0<a<6 = 6^/^e6^/^ 



whence, by (17.16) 

0<b-'/'ab-'/'<e 

so that 

\\b-'/'ab-'/'\\=r^{b-'/'ab-'^')<l. 
On the other hand, we have 

II a 1/2^-1 a 1/2 II < 11^1/2^-1/2 11 .11^-1/2^1/2 



By the isometry of the involution and the C*-property (2.8) , it follows 
that 

2 



II a 1/2 6 -1 a 1/2 II < II ^1/2 ^-1/2 
This implies 



„6-i/2a6-i/2||<l. 
0<ai/26-iai/2<e 



which is the same as 6 ^ < a i, by (17.16) 



again. 



D 



And now for something completely different: 

(19.22). Definition (positive linear functionals). A linear functional 
ip on a *-algebra is called positive if (f{a*a) > for all elements a. 



A linear functional (f on the C*-algebra A is positive if and only if 



ip{a) > for all a G A+, cf. (19.6) 



(19.23). Theorem. Every positive linear functional on the C*-algebra 
A is Hermitian and continuous. 
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Proof. Let yj be a positive linear functional on A. The fact that ip is 



Hermitian (14.18) follows from the orthogonal decomposition (19.13) 



It shall next be shown that (p is bounded on the positive part of the 
unit ball of A. If it were not, one could choose a sequence (a„) in the 
positive part of the unit ball of A such that ip{an) > n"^ for all n. The 
elements 

1 






2 ^ny 



ZJ ,j2 "" 



E 



n<m 



n^ 



n>m+l 

would all lie in the closed convex cone A+. It would follow that 

!f{ar. 



ip{a) > ip{bm) = y~] — ^ > m 



<1}< 



oo. 



n<m 

for all m, a contradiction. We obtain 

fi := sup { (p{a) : a E A+, 
For b in Aga, we have —\b\ < b < \b\, cf. (19.15) , whence 

I f{b) \ < ip[\b\) < fi\\\b\\\ = fi\\b\\. 

For c in A and c = a + ib with a,b E Aga, we have || a ||, || 6 

and so | ip{c) | < 2/i || c ||. 



< lie 



D 
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§ 20. The Canonical Approximate Unit in a C*- Algebra 

(20.1). Definition. A two-sided approximate unit in a normed alge- 
bra A is a net {ej)j^j in A, sucli tliat 

lim Cj a = lim acj = a for all a & A. 
jeJ ' jeJ 

(20.2). Theorem. Let A be a C*-algehra. We put 

J(A):={jGA+:||j||<1}. 

Then (j)jgj(^) is a two-sided approximate unit in A. It is called the 
canonical approximate unit. 

Proof. It shall first be shown that J{A) is upward directed. Let 
a^h E J {A). The elements 

ai := a{e — a)^ , bi := b{e — b)^ 

then belong to A^ by the Rational Spectral Mapping Theorem. Now 
consider 

c:= (ai + bi) [e + (ai + bi)] 

Then c is in J (A). Moreover we have 

e - [e+ (ai + 6i )] 
= [e + (ai + 6i)] [e + (ai + 6i)] "^ - [e + (ai + 6i)] ^^ 
= [ e + ( ai + 6i ) - e ] [ e + ( ai + 6i ) ] = c. 



From the monotony of the inverse operation (19.21) it follows that 
c = e- [e + (ai + bi)] >e-(e + ai)" 

> e — [e + a{e — a)^ ] 

> e — [ (e — a + a) (e — a) ~ ] 
>e — (e — a) = a, 

and similarly c > b, which proves that J{A) is upward directed. 

It shall be shown next that the net (J)j6J{A) is a two-sided approxi- 
mate unit in A. We claim that it suffices to show that for each a G A^ 
one has 

lim II a (e — ?' ) a II = 0. 
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To see this, we note the following. For a G Aga, and j G J (A), we have 

II ' II 2 II / ■ \ II 2 

l|a-J«ll = II (e-j)a|| 
= II a ( e - J ) ^ a II = II a ( e - j ) ^/^ ( e - J ) ( e - j ) ^/^ a II 
< II « ( e - J ) ^^^ ( e - j ) ^/^ a II = II a ( e - j ) a ||. 



One also uses the fact that A is linearly spanned by A^, cf. (19.14) 
The isometry of the involution is used to pass from multiplication on 
the left to multiplication on the right. 
So let a G A+, e > 0. Put 

a := (l + II a II )/£ > 0, 

and consider 

jo '■= aa{e + aa)~ , 

which belongs to ^7(^4) by the Rational Spectral Mapping Theorem. 
For j G J{A) with j > jo, we get 

< a{e — j) a < a(e — jo) a = a^ [e — aa{e + aa)~ ] 



a' 



[{e + aa — aa) (e + aa) ] 



= a^ (e + aa) ~ 

= a~^ a ■ aa{e + aa)~ 

< a^^ a, 



where the last inequality follows from the Rational Spectral Mapping 
Theorem. Hence 

II a ( e — j ) a II < a ^"'^ || a || = e ■ r^ — - < e. D 
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§ 21. Quotients and Images of C*-Algebras 
(21.1). Reminder (unital homoniorphism) . Let A,B be unital alge- 



bras. Recall from (1-15) that an algebra homomorphism A ^ B is 



called unital if it maps unit to unit. 

(21.2). Proposition (unitisation of a homomorphism). Let A,B be 
normed algebras, and let it : A ^ B be a non-zero algebra homomor- 
phism with dense range. The mapping vr then has a (necessarily unique) 
extension to a unital algebra homomorphism ti : A ^ B. We shall say 
that TT is the unitisation of it. If tt is injective, so isif. 

Proof. If A has a unit e^, then tiIca) 7^ is a unit in B, by density of 
7r(y4) in B. If A has no unit, we extend tt to a unital algebra homomor- 
phism A ^ B hj requiring that unit be mapped to unit. Injectivity 
then is preserved because the unit in B is linearly independent of tt{A), 
as 7r(y4) has no unit by injectivity. D 

(21.3). Lemma. Let A, B be C*-algebras. Let n : A ^ B be an injec- 
tive *-algebra homomorphism. For a & A, we then have 

nia) > O^a > 0. 

et now a & A 
Hence 

D 



Proof. We know that a > ^ 7r(a) > 0, cf. |(17.3) 
with 7r(a) > 0. Then 7r(a) = I 7r(a) I = vr ( | a | ) , cf . 
a = \a\ > hj injectivity of tt, as was to be shown. 



(19.9) 



(21.4). Lemma. Let A be a unital Banach *-algebra. Let B be a Her- 
mitian unital Banach *-algebra. Let tt : A —>■ B be a unital *-algebra 
homomorphism. Assume that 

Tr{b) > -^ b > for every b G Aga- 

Then 

T(j{'n'{a)) = rcr(a) for every a E A. 

Proof. We have r\ (7r(a)) < r\(a) for all a G A because 

sPB(^(«))\{0}Csp^(a)\{0}, 
cf.p^ 
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Let now 6 be a Hermitian element of A. Then 

Tx{7r{b))eB±Tr{b) >0 

as B is Hermitian. Our assumption then imphes 

r;^(7r(6))e^±6>0, 

whence T^^{b) < T^(^n{b)). Collecting inequalities, we find i^l^n^b)) = 
r\ (6) for every Hermitian element b of A, which is enough to prove the 
statement. D 

(21.5). Theorem. An injective *-algebra homomorphism it from a 
C*-algebra A to a pre- C*- algebra B is isometric. As a consequence, 
tt{A) is complete. 



Proof. We can assume that _B is a C*-algebra, and that tt has dense 
range and is non-zero. Then the unitisation vr is well-defined and in- 



jective by proposition (21.2) The preceding two lemmata imply that 
rcr(7r(a)) = rcr(a) for all a E A, which is the same as || Tc{a) || = || a || 



for all ae A, cf. (7.5) 



D 



(21.6). Remark. This is a strong improvement of (8.5) in so far as it 
allows us to conclude that 7r(y4) is a C*-algebra. 



Next an expression for the quotient norm. (Cf. the appendix (44.1 



Here we use the canonical approximate unit, see the preceding para- 
graph. 



(21.7). Lemma (quotient norm). Let I be a *-stable (13.1) closed 
two-sided ideal in a C*-algebra A. For a & A we then have 



inf 

cG/ 



a + c\ 



lim 

J e J{l) 



a — a J 



Proof. Let a ^ A. Denote a := inf^^ / || a + c||. For e > 0, take 
c E I with II a + c II < a + e/2. Then choose jo ^ J{.I) such that 
II c — cj II < e/2 whenever j G J{I), j > jo- Under these circumstances 
we have 



a-ajll < II (a + c)(e-j) II + II c-cj 
< II a + c II + II c — cj II < a -\- e. 



D 
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(21.8). Theorem (factorisation). Let I be a *-stable (13.1) closed 



two-sided ideal in a C*-algebra A. Then A/I is a C*-algebra. 
Proof. It is clear that A/I is a Banach *-algebra, cf. the appendix 



(44.2) The preceding lemma (21.7) gives the following expression for 



the square of the quotient norm: 

\a + 1 \ = mt a + c 
eel 



= lim II a (e — ?' ) II 
J e J{I) 

= lim II ( e — j ) a*a (e — j ) II 
J e J(/) 

< lim II a*a ( e — ? ) || = inf || a*a + c || = | a*a + / 
j e J{I) ''' c&r 



The statement follows now from |(2.9) D 



(21.9). Theorem. Let n be a *-algebra homomorphism from a C*- 
algebra A to a pre-C*-algebra. Then A /kern is a C*-algebra. The 
*-algebra isomorphism 

A/kervr ^ 7r(y4) 
a + kervr \-^ 7r(a) 

is isometric, and hence the range tt{A) is a C*-algebra. 



Proof. It follows from (8.4)| that kervr is closed, so that A /kervr is a 



C*-algebra by the preceding result. The statement then follows from 



(21.5) D 



In other words: 

(21.10). Theorem (factorisation of homomorphisms) . Let it be a 
*-algebra homomorphism from a C*-algebra A to a pre-C*-algebra. 
Then A /kervr and vr(yl) are C*-algebras as well. The *-algebra homo- 
morphism vr factors to an isomorphism of C*-algebras from A / ker vr 
onto vr(A). 



In particular, the C*-algebras form a subcategory of the category 
of *-algebras, whose morphisms are the *-algebra homomorphisms. 



Part 2 

Representations and Positive 
Linear Functionals 



CHAPTER 4 
General Properties of Representations 

§ 22. Continuity Properties of Representations 

For a complex vector space V, we shall denote by End(l^) the al- 
gebra of linear operators on V. Here "End" stands for endomorphism. 

(22.1). Definition (representation in a pre-Hilbert space). If A is a 
*-algebra, and if {H, (-, ■)) is a pre-Hilbert space, then a representation 
oi A in H is an algebra honiomorphism 

tt:A^ End{H) 

such that 

{'K{a)x,y) = {x,Ti{a*)y) 

for all x,y & H and for all a & A. One then defines the range of n as 

R{tt) := n{A) = {n{a) E End{H) : a E A}. 

One says that {H, (-, ■)) is the representation space of vr. (Recall that 
all the pre-Hilbert spaces in this book shall be complex pre-Hilbert 

spaces.) 

(22.2). Theorem. Let n be a representation of a *-algebra A in a 
Hilbert space H. The operators 7r(a) (a G A) then all are bounded. 
We may thus consider tt as a *-algebra homomorphism A —>■ B{H). 

Proof. Decompose n{a) = 7r(6) + i7r(c), where b,c E Asa and use the 
Hellinger-Toeplitz Theorem, which says that a symmetric operator, 
defined on all of a Hilbert space, is bounded, cf. e.g. Kreyszig |17[ 

10.1-1]. D 

We shall now be interested in a criterion that guarantees bounded- 
ness of the operators it (a) for a representation n acting in a pre-Hilbert 



space merely: (22.5) - (22.7) 
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(22.3). Definition (positive linear functionals). A linear functional 
If on a *-algebra A is called positive if if{a*a) > for all a E A. 



If 7r is a representation of a *-algebra A in a pre-Hilbert space H, 
then for all x E H, the linear functional given by 

a \-^ {7T{a)x,x) (a G A) 

is a positive linear functional. Indeed, for x E H and a G A, we have 

(7r(a*a)x,x) = {Ti{a)x,rc{a)x) > 0. 

(22.4). Definition (weak continuity). Let vr be a representation of a 
normed *-algebra A in a pre-Hilbert space H . We shall say that tt is 
weakly continuous on a subset B of A, if for all x E H, the positive 
linear functional 

a ^-^ {'n-{a)x,x) 

is continuous on B. We shall say that the representation n is weakly 
continuous , if tt is weakly continuous on all of A. 

(22.5). Theorem. Let tt be a representation of a normed *-algebra A 
in a pre-Hilbert space H. Assume that n is weakly continuous on Aga- 
The operators 7r(a) (a G A) then all are bounded with 

II 7r(a) II < ro-(a) for all a E A. 

Proof. Let a E A and x E H with || a; || < 1 be fixed. For n > 0, put 

r„ := ( II 7r(a) x \\ \ and s„ := ( tt ( ( a*a ) ^ ' \ x, x). 

We then have r„ < s„ for all n > 0. Indeed, this obviously holds for 
n = 0. Let now n be any integer > 0. The Cauchy-Schwarz inequality 
yields 

2 



I ^ 



{ n i {a* a) ) x, x) 

<(7r((a*a)(2"))a:,7r((a*a)(^"))a:) 
<(7rna*a)^^ ^)x,x) = Sn+i. 



II 2 
X 



Thus, if Tn < Sn, then s„ = | Sn |, and hence 

' n+l ' n _ '^n | ^n \ _ ■'n+l- 
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By induction it follows that r„ < Sn for all ra > 0. Let now c > be 
such that 

I (7r(6)x, x) I < c I 6 I 
for all b G Asa- For n > 0, we get 

1/2 

7r(a) a; || < 



< c 



( TT f {a* a) M X, X ) 
a a) ^ ' 



l/(2"+i) 



1/(2' 



1/2 



It follows that 



7r(a) X II < rcr(a). 



rcr(a)- 



D 



(22.6). Definition (a-contractive linear maps). A linear map tt from 
a normed *-algebra A to a normed space shall be called a-contractive 
if 

|vr(a) I < ro-(a) 

holds for all a & A. 



(22.7). Theorem. Let it be a a-contractive linear map from a normed 
*-algebra A to a normed space. We then have: 



(i) TT is contractive in the auxiliary *-norm on A, see (2.5) 
(ii) 1 7r(a) | < rj)^(a) < | a | for all Hermitian a & A. 
{Hi) TT is contractive on Aga- 



Proof, (i) follows from the fact that r(j(a) < || a || holds for all a & A, 
where || • || denotes the auxiliary *-norm. (ii) follows from the fact that 
for a Hermitian element a of A, one has ro-(a) = r\ (a), cf. (7.2) D 



(22.8). Theorem. If A is a normed *-algebra with isometric involu- 
tion, then every a-contractive linear map from A to a normed space is 
contractive. 

(22.9). Theorem. If A is a commutative *-subalgebra of a Banach 
*-algebra, then every a-contractive linear map from A to a normed 
space is contractive. 



Proof. This follows from the fact that in a Banach *-algebra, one has 
i'cr(^) ^ ^^\(^) fo^^ 9-11 normal elements 6, cf. (7.3)1 D 
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(22.10). Proposition. Let Aheanormed*-algehra. For the following 
statements, we have 

(i) =^ (a) =^ [iii) =^ (iv) =^ (v) =^ (vi). 

(i) the involution in A is continuous, 
(a) the involution maps sequences converging to to bounded 

sequences, 
{Hi) the map a \-^ a*a is continuous at 0, 
(iv) the function la is continuous at 0, 
(v) the function la is hounded in a neighbourhood ofO, 
{vi) every a-contractive linear map from A to a normed space is 
continuous. 



Now for slightly stronger assumptions: weakly continuous represen- 
tations in Hilbert spaces. 

(22.11). Theorem. Let H, Ho be normed spaces, and let C be a subset 
of the normed space B{H, Ho) of bounded linear operators H —>■ Ho- If 
H is complete, then C is bounded in B{H, Ho) if and only if 

sup I i(Tx) I < oo 
Tec 

for every x in H and every continuous linear functional i on Ho- 



Proof. The uniform boundedness principle is applied twice. At the 
first time, one imbeds Ho isometrically into its second dual. D 

(22.12). Theorem. Let tt be a weakly continuous representation of a 
normed *-algebra A in a Hilbert space H. Then tc is continuous. Fur- 
thermore, for a normal element b of A, we have 

||7r(6) II < r;^(6) < |6|. 

It follows that if A is commutative, then it is contractive. 



Proof. The operators 7r(a) (a G A) are bounded by |(22.2)| or |(22.5) 
The linear functionals A 3 a ^-^ {n{a)x,y) {x,y G H) are continuous 
by polarisation. One then applies the preceding theorem with C : = 
{ 7r(a) G B{H) : a G A, | a | < 1 } to the effect that n is continuous. 



The remaining statements follow from (8.10) D 
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Next the case of Banach *-algebras. 

(22.13). Lemma. Let (f be a positive linear functional on a unital 
Banach *-algebra A. For a G Aga, we then have 

|(^(a)| < (^(e)r;^(a) < <^{e) \a\. 



In particular, cp is continuous on Asa- See also (26.3) below. 



Proof. Let 6 = 6* be a Hermitian element of A with r \ (6) < 1. There 



exists by Ford's Square Root Lemma (9.4) a Hermitian square root c 



of e — 5. One thus has c*c = c"^ = e — b, and it follows that 

0<(fi{c*c) = ip{e-b), 

whence ip{b) is real (because ip{e) = f{e*e) is), and 

<^{b) < <^{e). 

Upon replacing b with —b, we obtain 

\<fib)\ < (p{e). 

Let now a = a* be an arbitrary Hermitian element of A. Let 7 > T^{a). 
From the above it follows that 

\(p{l~^a)\ <<^(e), 

whence 

\<fia)\ < !f{e)^, 

which implies 

\<^{a)\<<^{e)T^{a). D 

(22.14). Theorem. Let it be a representation of a Banach *-algebra 
A in a pre-Hilbert space H . The operators 7r(a) (a G A) then all are 
bounded, and the representation vr is continuous. 

Proof. Extend tt to a representation tt of A in if by requiring that 
7r(e) = 1 if A has no unit (and by extending linearly). By the preceding 
lemma, the positive linear functional 

a -^ (7r(a)x,x) 
is continuous on Aga for each x & H . This implies that vr is weakly 



continuous on Aga- It follows by (22.5) that the operators 7r(a) are 



bounded on H. We obtain that -R(vr) is a pre-C*-algebra, so that vr is 



continuous by theorem (8.8) D 
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(22.15). Corollary. A representation of a commutative Banach 
*- algebra in a pre-Hilbert space is contractive. 



Proof. This follows now from | (22. 12)] 



D 



(22.16). Corollary. A representation of a Banach *-algebra with 
isometric involution in a pre-Hilbert space is contractive. 



Proof. This follows now from |(22.5)] and [(2Z8) 
In particular, we have: 



D 



(22.17). Corollary. A representation of a C*-algebra in a pre-Hilbert 
space is contractive. 

(22.18). Definition (faithful representation). A representation of a 
*-algebra in a pre-Hilbert space is called faithful if it is injective. 

(22.19). Theorem. A faithful representation of a C*-algebra in a 
Hilbert space is isometric. 



Proof. (21.5) 



D 



(22.20). Theorem. If ii is a representation of a C*-algebra A in a 
Hilbert space, then A/kervr and R{'k) are C*-algebras as well. The 
representation n factors to a C*-algebra isomorphism from A/kervr 
onto R{tt). 



Proof. (21.10) 



D 



For further continuity results, see [(25.12} - (25.16) 



(22.21). Remark (concerning |(22. 10)" ) . Theodore W. Palmer shows in 
the second volume of his work |33^ 11.1.4] that in a Banach *-algebra, 
the function tq- is continuous at 0. This however requires methods 
above the scope of this book, and we prove the result only for Hermitian 



Banach *-algebras, cf. (29.7) 



(22.22). Remark. For most purposes of representation theory, the 
condition of isometry of the involution can be weakened to requiring 
that \a*a\ < \a\ holds for all elements. 
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§ 23. Cyclic and Non-Degenerate Representations 

In this paragraph, let vr be a representation of a *-algebra A in a 
Hilbert space {H, (■,■)). 

(23.1). Definition (invariant subspaces). A subspace M of if is called 
invariant under vr, if 7r(a)x G M for every x G M, and every a E A. 



(23.2). Proposition. If M is a subspace of H invariant under vr, so 
is M^. 



Proof. Let M be a subspace of H invariant under vr. Let y G M-*-, 
i.e. (y, x) = for all x G M. For a G A we then have 

{-n{a)y,x) = {y,Tc{a*)x) = 

for all X G M, so that also T^{a)y G M"*-. D 

This is why invariant subspaces are also called reducing subspaces. 

(23.3). Definition (subrepresentations). If M is a closed subspace 
of H invariant under vr, let t^m denote the representation of A in M 
defined by 

TiM- A^ B{M) 

a ^ 7r(a)|M- 

The representation ttm is called a subrepresentation of vr. 

(23.4). Definition (commutants). One denotes by 

vr' := {c G B{H) : cvr(a) = vr(a)c for all a G A } 

the commutant of vr. Similarly, let S C B{H). The set of all oper- 
ators in B{H) which commute with every operator in S is called the 



commutant of S and is denoted by 5". (Cf. |§ 13 



(23.5). Proposition. Let M be a closed subspace of H and letp be the 
projection on M . Then M is invariant under it if and only if p E n' . 
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Proof. Assume that p G n'. For x & M and a G A, we then have 
7i{a)x = ■K{a)px = p7i{a)x G M, so that M is invariant under n. 
Conversely, assume that M is invariant under vr. For x E H and a G A, 
we get Ti{a)px G M, whence pn{a)px = 7i{a)px, so that pn{a)p = n{a)p 
for all a E A. By applying the involution in B{H), and replacing a 
by a*, we obtain that also p7i{a)p = pni^a), whence pn{a) = 7i{a)p, i.e. 
p G tt'. D 



(23.6). Definition (non-degenerate representations). The represen- 
tation TT is called non-degenerate if the closed invariant subspace 

N := {x e H : iT{a)x = for all a G A } 

is {0}. Consider the closed invariant subspace 

R := span { 7T{a)x & H : a & A, xEH}. 

We have R-^ = N, so that tt is non-degenerate if and only if R is all of H. 
Also H = R(BN, or tt = tt/jQtttv. This says that vr is the direct sum of a 
non-degenerate representation and a null representation. In particular, 
by passing to the subrepresentation vTi^, we can always assume that tt 
is non-degenerate. 

Proof. It suffices to prove that R-^ = N. Let a e A and x e H. For 
y E N, we find 

{■R{a)x,y) = {x,n{a*)y) = 0, 
so N G -R"*". On the other hand, for y G R^, we find 

{■K{a)y,x) = {y,n{a*)x) = 0, 
which shows that 'n:{a)y J^ H, ot y E N, so R^ G N. D 

(23.7). Definition (cyclic representations). One says that tt is cyclic 
if H contains a non-zero vector x such that the set 

{iT{a)x G H : a G A} 

is dense in H. The vector x then is called a cyclic vector. In particular, 
a cyclic representation is non-degenerate. 

Of great importance is the following observation. 
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(23.8). Lemma (cyclic subspaces). Assume that vr is non- degenerate, 
and that c is a non-zero vector in H. Consider the closed invariant 
subspace 

M := 7r{A)c. 

Then c belongs to M . In particular, ttm is cyclic with cyclic vector c. 
One says that M is a cyclic subspace of H. 

Proof. Let p denote the projection upon M. We then have p G n'. 
Thus, for all a E A, we get 

7r(a)(l — p)c = (1 — p)7i{a)c = 0, 

which implies that (1 — p)c = as tt is non-degenerate. D 

(23.9). Definition (direct sum of Hilbert spaces). Let {Hi }jg/ be a 
family of Hilbert spaces. The direct sum ©jg/ Hi consists of all families 
{xi}i(zj such that Xi G Hi {i E I) and {||a^j||}jg/ E i'^{I)- The 
element { Xi } jg/ then is denoted by ©jg/ Xi. The direct sum ©jg/ Hi is 
a Hilbert space with respect to the inner product 

\®iei Xi,(Biei Vi) '■= / ^ {Xj, yj) {®iei ^ii®iei Vi ^ ®iei^i)- 

i£l 

Proof. Let ©jg/Xj, ®i^iyi E ®i(zi Hi. We then have 

l^\\xi + yi\\^j < i^(^\\xi\\ + \\yi\\j j 



i&I ' ^ JG/ 



1/2 / \ 1/2 



<iEii-.ii1 + EN.li' 



so that ©jg/ Hi is a vector space. We also have 

^\ {xi,yi) I < JZll^^ll ■ II ^^11 



iei iei 



1/2 / \ 1/2 



< (5^11^*11') (5^11 ^^11' 

^ iei ^ ^ iei 

so that ©ig/ Hi is a pre-Hilbert space. Let ( (Biei Xi^n ) n be a Cauchy 

sequence in ®iei Hi. Let e > be given. There then is an rZo > such 

that 

/ \i/2 

( z^ II ^*'™ ~ ^*'" II ) — ^ ^°^ ^^ m,n > Uq. 
^ iei ' 
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From this we conclude that for each i E I, the sequence ( Xi^n ) « is a 
Cauchy sequence in Hi, and therefore converges to an element Xi of Hi. 
With F a finite subset of /, we have 

/ \i/2 

f ^ II Xi^rn - Xi^n \\^ \ < ^ foi all 111,71 > 71^, 

^ i&F ' 

SO that by letting m — ^ oo, we get 

( -iX ^'^ 

I y, II Xi — Xi^n II J < £ for all n > Uo, 



/ \ 1/2 

I y^ II a^i — Xi^n II ) < £ for all n> Ua 



and since F is an arbitrary finite subset of /, it follows that 

1/2 

< e for all n > 7i.o- 
iai 

This not only shows that ®ii=i {xi — a;j„), and hence ©ig/a:^, belong to 
®i(zj Hi, but also that (©ie/a;j^„)„ converges in (Bi£i Hi to ©ie/ajj, so 
that ©jg/ i/j is complete. D 

(23.10). Definition (direct sum of operators). Consider a family of 
bounded linear operators { &« } iei on Hilbert spaces Hi {i G /) respec- 
tively. Assume that 

sup II hi II < oo. 

One then defines 

\®i&i t>i)\®i^i Xi) := ©jg/ (OjXjj (©jg/Xj G (Bi£jHi). 

Then ©jg/ fej is a bounded linear operator on ©jg/iJj with norm 

II ®teibi II = sup II bi II . 
ie/ 

Proof. With c := sup^^j || bi \\, we have 



{®ieibi)i®ieix,i)\\^ = J2\\^'' 



II 2 
T • 



^ V^ II 7 II 2 II II 2 

< > bj ■ Xi 

— / J II 'II II ' II 



^ 2 V^ II II 2 _ 2 II ^ II 2 

^ C • ^ ^ II -^i II — C ■ II Wi£l Xi II , 

SO II ©ig/ bi II < c. The converse inequality is obvious. D 
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(23.11). Definition (direct sum of representations). Consider a 
family { ttj } jg/ of representations of A in Hilbert spaces Hi [i G /) 
respectively. If { || 7rj(a) || }jg/ is bounded for each a E A, we may 
define the direct sum representation ©jg/ ttj given by 

©.e/TTi : A^ B{®iejHi) 
a ^ ©ie/7ri(a). 

Hence the direct sum of a family of cr-contractive representations of a 
normed *-algebra is well-defined and a-contractive. 

(23.12). Remark. If the family { Hi } jg/ is a family of pairwise ortho- 
gonal subspaces of a Hilbert space H, we imbed the direct sum (Bi^iHi 
inH. 



It is easily seen that a direct sum of non-degenerate representations 
is non-degenerate. In the converse direction we have: 

(23.13). Theorem. If it is non- degenerate and if H ^ {0}, then it is 
the direct sum of cyclic subrepresentations . 

Proof. Let Z denote the set of all non-empty sets consisting of mu- 



tually orthogonal, cyclic (23.8) closed invariant subspaces of H. The 



set Z is not empty since ioi ^ c E H, we may consider M^ := tt{A)c, 



so that { Mc } E Z hy (23.8) , Furthermore, Z is inductively ordered by 
inclusion. Thus, Zorn's Lemma guarantees the existence of a maximal 
set F. Consider now Hi := ®m&fM. We claim that Hi = H. Indeed, 
a ^ c E Hi , then Mc := 7r{A)c is a cyclic closed invariant subspace 
of H by (23.8)1 and F U { Mc } would be a set in Z strictly larger than 



the maximal set F. It follows that vr = ©MeF^TAf. □ 

Our next aim is lemma [(23. 17) which needs some preparation. 



(23.14). Proposition. Let I be an isometric linear operator defined 
on a dense subspace of a Hilbert space Hi, with dense range in a Hilbert 
space H2- Then the closure U of I is a unitary operator from Hi onto 

H2. 

Proof. The range of f/ is a complete, hence closed subspace of if 2, 
containing the dense range of /. D 
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(23.15). Definition (spatial equivalence). Let tti, 112 be two repre- 
sentations of a *-algebra A in Hilbert spaces Hi, H2 respectively. The 
representations tti and tt2 are called spatially equivalent if there exists 
a unitary operator U from Hi to H2 such that 

f/7ri(a) = 7T2{a)U (a G A). 

(23.16). Definition (intertwining operators, C(7ri,7r2)). Let tti, 112 
be two representations of a *-algebra A in Hilbert spaces Hi, H2 
respectively. One says that a bounded linear operator b from Hi to 
H2 intertwines tti and 112, if 

67ri(a) = 7r2(a)& (a G A). 

The set of all bounded linear operators intertwining tti and 7T2 is 



denoted by C{TCi,7r2). Please note that vr' = C(7r,7r), cf. (23.4) 

The following result is almost miraculous. 

(23.17). Lemma. Let ni, 712 be cyclic representations of a *-algebra A 
in Hilbert spaces Hi, H2 with cyclic vectors ci, 02- For a E A, let 

V9i(a) := {7ii{a)ci,ci), 

(f2{a) := Ma)c2,C2). 

If if I = if 2, then TTi and tt2 are spatially equivalent. Furthermore, there 
then exists a unitary operator in C{ni,7[2) taking ci to 02- 

Proof. One defines an operator / by putting 

Iz := 7r2(a)c2 when z = 7ri(a)ci. 
It shall be shown that I is well-defined and isometric. Indeed, we have 

{Iz,Iz) = (7r2(a)c2,7r2(a)c2) 
= {n2{a*a)c2,C2) 
= (p2{a*a) = V^i(a*a) 
= {ni{a*a)ci,ci) 
= (7ri(a)ci,7ri(a)ci) = {z,z). 

It follows that I is well-defined because if for a,b & A one has 7ri(a)ci = 
7ri(6)ci, then ni{a — b)ci = 0, whence also 7i2{a — b)c2 = 0, i.e. 7r2(a)c2 = 
'K2{b)c2- Furthermore I is densely defined in Hi with range dense in 
H2- It follows that the closure t/ of / is a unitary operator from Hi 
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onto H2, cf. (23.14) It shall be shown that this operator U intertwines 
TTi and 7T2. Indeed, ii z = 7ri(a)ci, we have for all b E A: 

■K2{b)Iz = 7r2(6)7r2(a)c2 

= 7r2{ba)c2 

= Ini{ba)ci 

= l7ii{b)7ii{a)ci = I'Ki{b)z. 



By continuity of U and -nip) (22.2) , it follows that 

iX2{b)U = UTii{b) {be A), 

so that U intertwines tti and 7^2- It remains to be shown that Uci = C2- 
For a E A, we have 

UTTi{a)ci = 7r2(a)c2, 
whence 

'K2{a)UCi = 'K2{a)c2- 

Since 7T2 is cyclic, and thereby non-degenerate, it follows that Uci = 

C2. D 



CHAPTER 5 
States 

§ 24. The GNS Construction 

(24.1). Introduction. If tt is a representation of a *-algebra A in a 
Hilbert space if, then for x & H, the positive linear functional 

a H^ {7c{a)x,x) {a G A) 

is called a coefficient of tt. (In analogy with matrix coefficients.) 

In this paragraph as well as in the next one, we shall be occupied 
with inverting this relationship. 

That is, given a normed *-algebra A and a positive linear functional 
ip on A satisfying certain conditions, we shall construct a representa- 
tion Tc^p of A in such a way that </? is a coefficient of ir^p. The present 
paragraph serves as a rough foundation for the ensuing one which puts 
the results into sweeter words. 

(24.2). Proposition. If(f is a positive linear functional on a *-algebra 
A, then 

{a,b)^ := (f{b*a) {a,b E A) 

defines a positive Hilbert form (-, ■)^ on A in the sense of the following 
definition. 

(24.3). Definition (positive Hilbert forms [371 P- 349]). A positive 
Hilbert form on a *-algebra A is a positive semidefinite sesquilinear 
form (-, ■) on A such that 

{ab, c) = {b, a*c) for all a,b,c E A. 

Please note that then also 



(a, 6) = (6, a), (the sesquilinear form is Hermitian) 

{a,b) I < {a, a) ■ {b,b). (Cauchy-Schwarz inequality) 

99 
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(24.4). Definition. Let (■, ■) be a positive Hilbert form on a *-algebra 
A. Denote by / the isotropic subspace of the inner product space 
{A, (-, ■)), that is I = {b e A : (6, c) = for all c G A }. The isotropic 
subspace / is a left ideal in A because {ab, c) = {b, a*c). Denote by A 
the quotient space A/ 1. For a E A, let a := a + 1 & A. In A one defines 
an inner product by 

(a, 6) := {a,b) {a,b E A). 

In this way A becomes a pre-Hilbert space {as I = {b E A : {b,b) = 0} 
by the Cauchy-Schwarz inequality). 



(24.5). Definition. Let (■, ■) be a positive Hilbert form on a *-algebra 
A. For a E A, the translation operator 

7r(a) : A^ A 

b ^-^ 7i{a)b := ab 

is well defined because / is a left ideal. One thus obtains a representa- 
tion vr of A in the pre-Hilbert space A. It is called the representation 
associated with (-, ■). If all of the operators 7r(a) (a E A) are bounded, 
then by continuation we get a representation of A in the comple- 
tion of A. This latter representation is called the GNS representation 
associated with (-, ■). 



(24.6). Definition. Assume that the Hilbert form (■,■) derives from 
a positive linear functional ip on A, as in (24.2) One denotes by H^p 



the completion of A. One says that the representation associated with 
(■, ■)(^ is the representation associated with ip. If the operators 7r(a) (a E 
A) are bounded, one denotes by vr^ the GNS representation associated 
with (-, ■)(p. It is then called the GNS representation associated with ip. 



The acronym GNS stands for Gelfand, Naimark and Segal, the 
originators of the theory. 



(24.7). Definition (weak continuity on Asa)- A positive linear func- 
tional if on a normed *-algebra A shall be called weakly continuous 
on Asa if for each b E A, the positive linear functional a i— >■ ip{b*ab) is 
continuous on Asa- 
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(24.8). Theorem. Let ip be a positive linear functional on a normed 
*- algebra A. Then (p is weakly continuous on Aga if and only if the 
representation associated with (p is weakly continuous on Asa- In this 
case, the GNS representation - k^ exists and is a a-contractive represen- 
tation of AinH^. Cf \(22.5)\ \(22.6)\ 



Proof. For a,6 G A we have (p{b*ab) = {n{a)b,b)^. D 

(24.9). Proposition. Let A be a Banach *-algebra. Then every posi- 
tive linear functional on A is weakly continuous on Aga- 



Proof. This follows now from theorem (22.14) D 



(24.10). Definition (variation [39l p. 307]). A positive linear func- 
tional y? on a *-algebra A is said to have finite variation if 

I V^('^) I < 7V^(ct*'2) (a e v4) 

for some 7 > 0. If this is the case, we shall say that 

v{(f) := inf { 7 > : | f{a) \ < 7 (p{a*a) for all a G A } 

is the variation of if. We then also have 

I (y9(a) I < v{ip) ip{a*a) (a G A). 

Proof. Assume that if has finite variation. With 

^ := { 7 > : I if (a) | ^ < 7 (f{a*a) for all a G A } 

we have that 

v{ip) = inf S' = the greatest lower bound of S. 

Let now 6 G A be fixed. We have to prove that 

\^{b)\^ <v{y^)y^{b*b). 

We know that 

\ip{b)\^ <-fip{b*b) for all 7 G 5. 

That is: 

I (/)(&) I is a lower bound of S (p{b*b). 
Since 

v{ip) (p{b*b) is the greatest lower bound of S ip{b*b), 

it follows that 

\^ib)\'<vi^)^{b*b), 
as was to be shown. D 
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(24.11). Proposition. Let n be a representation of a *-algebra A in a 
pre-Hilbert space H. For x G H, consider the positive linear functional 
If on A defined by 

ip{a) := {-n{a)x,x) (a G A). 

Then Lp is Hermitian and has finite variation v{(f) < {x,x). 

Proof. For a e A, we have 

I V9(a) I = I (7r(a)x,x) I < || 7r(a)a; || || x || = ip{a*a) {x,x), 



so that v{ip) < {x,x). Finally (p is Hermitian (14.18), because for 
a E A, we have 



(p{a*) = {'K{a*)x,x) = {x,7r{a)x) = (7r(a)x,x) = (p{a). D 

(24.12). Proposition. Let it be a non- degenerate representation of a 
*- algebra A in a Hilbert space H . For x E H, consider the positive 
linear functional ip on A defined by 

ip{a) := {n{a)x,x) (a G A). 

The variation of ip then is 

v{ip) = {x,x). 

Proof. The preceding result shows that v{ip) < {x,x). In order to 
prove the opposite inequality, consider the closed subspace M := 7t{A)x 



of H. Then x E M because n is non-degenerate, cf. (23.8) There thus 
exists a sequence (a„) in A such that 

X = lim 7r(a„)a;. 

n— >oo 

We then have 

I I v{an) I ^ - II a; II ^ ■ v{an*a'n) \ 

t I / / \ \ I 2 II II 2 II / \ II 2 I 

= I {n[an)x,x} I — II a; II ■ || 7r(a„j2; || 

^ I I / / \ \ I 2 II II 4 I , II II 2 I II / \ II 2 II II 2 I 

< I (7r(a„ja;, x) | — ||x|| + || a; || -Ml 7r(a„ja; || — || a: || 



so that 

by 

and 



lim I I v9(a„) I ^ - II X II ^ ■ V2(a„*a„) I = 0, 

n— >oo 



lim (7r(a„)x, x) = || x || 

n—*oo 

lim II 7r(a„)x || = || x ||- D 
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(24.13). Definition (reproducing vector, c^). Let (^ be a positive 
linear functional on a *-algebra A. A reproducing vector for (/? is a 
vector c^ in /J^ such that 

ip{a) = (a, C(p)^ for all a E A. 

It is then uniquely determined by if. We shall reserve the notation c^ 
for the reproducing vector of (/?. 

(24.14). Proposition. Let (p be a positive linear functional on a unital 
*-algebra A. Then e is the reproducing vector for ip. 

Proof. For a g A we have 

ip{a) = (f{e*a) = {a,e)^. D 

(24.15). Proposition. Let ip be a positive linear functional on a 
*-algebra A. Then ip has a reproducing vector if and only if ip has 
finite variation. In the affirmative case, we have 

Proof. If (p has a reproducing vector c^, the Cauchy-Schwarz inequal- 
ity implies that 

I / N I 2 I / \ I 2 ^ II II 2 II II 2 / * \ II II 2 

\(p[a)\ =\{a,c^}^\ < II a II ■ || c^^ || = v9(a a) ■ || c^^ || , 

which shows that 

^^(V^) < II c^ II ^ (*) 

Conversely assume that ip has finite variation. For a G A we obtain 

\ ip{a) \ < v{ip) ' ■ (p{a*a) ' = v{(p) ■||a||. 

Thus ip vanishes on the isotropic subspace of {A, (-, ■)^), and so ip may 
be considered as a bounded linear functional of norm < v{(p) on the 
pre-Hilbert space A. Hence there exists a vector c^ in H^ with 



c^ II < v{ip) 



1/2 



** 



such that 

ip{a) = {a,c^)^ 
for all a G A. We have 

v{ip) = {c^,c^)^ 

by the inequalities (*) and (**). D 
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(24.16). Theorem. Let ip be a positive linear functional of finite vari- 
ation on a normed *- algebra A, which is weakly continuous on Asa- 
Let c^ be the reproducing vector of ip. We then have 

vr^(a)c<^ = a {a E A). 

In particular vr^ is cyclic with cyclic vector c^ (if ip ^ Oj, and 

'p{a) = ((K^{a)c^,c^)^ {aeA). 

Proof. For a,b & A, we have 

(6, 7r^(a)c^)^ = (vr(p(a*)6, c^)^ = (a*b,Q„),p = ip{a*b) = {b,a)^, 

which imphes that 7r^(a)c^ = a for all a E A. One then inserts this 
into the defining relation of a reproducing vector. D 

(24.17). Corollary. Every positive linear functional of finite vari- 
ation on a Banach *-algebra is continuous. 

Proof. Let ip he a positive linear functional of finite variation on a 



Banach *-algebra A. Then ip is weakly continuous on Asa by (24.9) 



Hence the GNS representation vr^ exists, cf. (24.8), and by (24.16) 



we 



have (p{a) = (7r^(a)c^,c^)^. for all a G A. The continuity of vr^, cf. 



(22.14), now shows that (p is continuous. D 



(24.18). Theorem. Let A be a normed *-algebra. The set of positive 
linear functionals of finite variation on A which are weakly continuous 
on Asa, is a convex cone, and the variation v is additive and 
^^-homogeneous on this convex cone. 

Proof. It is elementary to prove that v is R.+-honiogeneous. Let ipi 
and ip2 be two positive linear functionals of finite variation on A, which 
are weakly continuous on Asa- The sum ip := ipi -\- ip2 then also is 
weakly continuous on Asa- Let tti and 112 be the GNS representations 
associated with ipi and ip2- Consider the direct sum vr := tti ©7r2. It is 
a non-degenerate representation. Let (■, ■) denote the inner product in 
the direct sum H^p-^ © H^p^ . Let Ci and C2 be the reproducing vectors 
of ipi and ip2 respectively. For the vector c := Ci © C2, one finds 

(7r(a)c, c) = (7ri(a)ci,ci)^^ + (7r2(a)c2, C2)<^2 = V^il*^) + V2{a) = ip{a) 



for all a G A. Therefore, according to (24.12), the variation of ip is 



V{ip) = (C, C) = (Ci, Ci)(^-^ + (C2, C2)<^2 = ^(V^l) + '"(^2)- □ 



§ 25. STATES ON NORMED *-ALGEBRAS 

§ 25. States on Normed *-Algebras 

In this paragraph, let A be a normed *-algebra. 
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(25.1). Definition (states, S{A)). A positive hnear functional tp on 
A shall be called a state if it is weakly continuous on Aga, and has 
finite variation w(?/^) = 1. The set of states on A is denoted by S{A). 

(25.2). Definition (quasi-states, QS{A)). A quasi-state on A shall be 
a positive linear functional (f on A oi finite variation v{(f) < 1, which 
is weakly continuous on Aga- The set of quasi-states on A is denoted 
by QSjA) . 

(25.3). Theorem. The sets S{A) andQS{A) are convex. 



Proof. (24.18) 



D 



(25.4). Theorem. Let n be a non-degenerate a -contractive represen- 
tation of A in a Hilbert space H. If x is a unit vector in H, then 



ipi^a) := (7r(a)x,x) (a G A) 



defines a state on A. 



Proof. (22.7) (24.12) 



D 



(25.5). Theorem. Let ip be a state on A. The GNS representation vr^ 
then is a a-contractive cyclic representation in the Hilbert space H^. 
The reproducing vector c^ is a cyclic unit vector for vr^. We have 

ij{a) = (7r^(a)c^,c^)^ (a G A). 



Proof. (24.8) (24.15) and (24.16) 



D 



(25.6). Corollary. A quasi-state (p on A is a-contractive and Her- 
mitian. In the auxiliary *-norm we have || v^ || < 1. In particular, ip is 
contractive on Aga- 



Proof. This follows now from (24.11) and (22.7) 



D 
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(25.7). Definition. We imbed the set QS{A) of quasi-states on A in 
the unit ball of the dual space of the real normed space Aga- The 
space QS{A) is a compact Hausdorff space in the weak* topology. (By 



Alaoglu's Theorem, cf. the appendix (45.6) ) 



(25.8). Theorem. Let it be a cyclic a-contractive representation of A 
in a Hilbert space H. There then exists a state if) on A such that vr is 
spatially equivalent to vr^ . Indeed, each cyclic unit vector c of n gives 
rise to such a state tp by putting 

ipi^a) := (7r(a)c, c) (a G A). 

There then exists a unitary operator intertwining it and vr^ taking c to 
the reproducing vector c^ . 



Proof. This follows from p3. 17) [ because 



(7r(a)c, c) = ij{a) = {7i^{a)c^, c^)^. D 

(25.9). Theorem. The set of states on A parametrises the class of 
cyclic a-contractive representations of A in Hilbert spaces up to spa- 
tial equivalence. More precisely, if ip is a state on A, then vr^ is a 
a-contractive cyclic representation of A. Conversely, if tt is a 
a-contractive cyclic representation of A in a Hilbert space, there 
exists a state ip on A such that tt is spatially equivalent to n^. 

Also of importance is the following uniqueness theorem. (Indeed 
there is another way to define the GNS representation associated with 
a state.) 

(25.10). Theorem. The GNS representation vr^, associated with a 
state ip on A, is determined up to spatial equivalence by the condition 

tp{a) = {iT^{a)c^,c^)^ {a G A), 

in the following sense. If vr is another cyclic representation of A in a 
Hilbert space, with cyclic vector c, such that 

ip{a) = (7r(a)c, c) (a G A), 

then n is spatially equivalent to tt^, and there exists a unitary operator 
intertwining n and tt^, taking c to c^. 



Proof. (23.17) D 
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(25.11). Proposition. If ip is a state on A, then 

ip{a) >Q for all a G A^. 



Proof. For a e A+, we have 7r^ (a) G B {H) + , cf. (17.3), which then 
has a Hermitian square root b by (19.5)[ so 

^(a) = (7r^(a)c^,c^)^ = {bc^,bc^)^ > 0. D 



The remaining items (25.12) - (25.16) give a sort of justification for 
our terminology "state" for important classes of normed *-algebras. 

(25.12). Definition (normed *-algebras with continuous states). We 
shall say that A has continuous states , or that A is a normed *-algebra 
with continuous states , if every state on A is continuous. 

In practice, A has continuous states as the next proposition shows. 



(For a counterexample, see (30.8) below.) 



(25.13). Proposition. A has continuous states whenever any of the 
three following conditions is satisfied: 

(i) the involution in A is continuous, 
(a) A is complete, that is, A is a Banach *-algebra, 
(Hi) A is a commutative *-subalgebra of a Banach *-algebra. 



Proof. (22.10), (24.17) and (22.9) 



D 



We shall prove later that any *-subalgebra of a Hermitian Banach 



*-algebra A has continuous states, cf. (29.8) (The condition that A be 



Hermitian can actually be dropped, cf. (22.21), but we shall not prove 
this.) 



(25.14). Theorem. If A has continuous states, then every a-contrac- 
tive representation tc of A in a Hilbert space H is continuous. 



Proof. Let x be a vector in the unit ball of H. The positive linear 
functional 

ip{a) := {7i{a)x,x) (a G A) 



then is a quasi-state (by (22.7) as well as (24.11)), and hence is con- 
tinuous. This says that vr is weakly continuous in the Hilbert space H, 
and therefore continuous, cf. (22.12) D 
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(25.15). Corollary. If A has continuous states, then the GNS rep- 
resentations associated with states on A are continuous. 

(25.16). Remark. It is well known that a linear functional -0 on a 
normed space is continuous if and only if ker^ is closed, cf. e.g. |16[ 
III. 5. 3], and thence if and only if ip has closed graph. 
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§ 26. Presence of a Unit or Approximate Unit 

(26.1). Proposition. A positive linear functional (f on a unital 
*-algebra A is Hermitian and has finite variation v{(p) = f{e). 

Proof. For a g A, we have 



ip{a*) = (p{a*e) = (e,a)^ = (a,e)^ = (p{e*a) = ip{a), 
as well as 

\ip{a) I = \ip{e*a) \ = \ (a, e)^ | 

< (a, a)^ (e, e)^ = f{e*e) ip{a*a) = ip{e) ip{a*a). D 

(26.2). Corollary. Let A be a unital normed *-algebra with contin- 
uous states. Then a state on A can be defined as a continuous positive 
linear functional ip on A with iple) = 1. 

(26.3). Theorem. A positive linear functional on a unital Banach 
*-algebra is continuous. A state on a unital Banach *-algebra can be 
defined as an automatically continuous positive linear functional i/j with 
iP{e) = 1. 



Proof. This follows from (26.1) and (24.17) D 



(26.4). Proposition (extensibility). A positive linear functional ip on 
a *-algebra A without unit can be extended to a positive linear functional 
ip on A if and only if (p is Hermitian and has finite variation. In this 
case, ip is called extensible . One then can choose for ip{e) any real value 
> v{(p), and the choice (p{e) = v{(p) is minimal. 



Proof. The "only if" part follows from (26.1), Conversely, let ip be 
Hermitian and have finite variation. Extend </) to a linear functional ip 
on A with ip{e) = 7 > v{ip). For a & A and A G C, we get (using the 
Hermitian nature oi ip): 

ip ( (Ae + a)* (Ae + a)) = (^(|A| e + Xa + Xa* + a*a) 

= 7|A|^ + 2Re(Ay?(a)) +ip{a*a). 

Let now A =: rexp(ia), a =: exp(iQ;) b with r G R+, a G R., and 6 G A. 
The above expression then becomes 

7r2 + 2rRe((^(6)) +ip{b*b). 
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This is non-negative because by construction we have 

I Re {^{b)) I ^ < I ip{b) I ^ < v{ip) ip{b*b) < 7 if{b*b). 

The choice (f{e) = v{(f) is minimal as a positive linear functional ip on 

A extending ip satisfies v{ip) < v{ip) = ip{e), cf. (26.1), D 



(26.5). Proposition. Let (f be a quasi-state on a normed *-algebra 
A without unit. If A is a pre- C*- algebra and if the completion of A 
contains a unit, assume that furthermore (p is a state. By extending (p 
to a linear functional (p on A with ^(e) := 1, we obtain a state ip on A 
which extends tp. Every state on A is of this form. 



Proof. Recall that a quasi-state is Hermitian by (25.6) , and thus 
extensible. We shall show that ip is continuous on Aga- It is clear 
that ip is continuous on Aga with respect to the norm | A | + || a ||, 
(A G R, a G Asa)- Thus, if A is no t a pre-C*-algebra, then Lp is 
continuous on Asa by definition (2.15) Assume now that A is a pre- 



C*-al gebra. Let B be the completion of A. If B contains no unit, we 
apply (7.8) to the effect that ip is continuous on Asa with respect to 
the norm as in (2.14), Also the last statement is fairly obvious in the 



above two cases. If B does have a unit, then A is dense in A by (3.7) 



We see that the states on A and A are related by continuation. (This 
uses the continuity of the involution.) This way of extending states is 



compatible with the way described in the proposition, by (26.1) The 
statement follows immediately. D 



(26.6). Definition (approximate units). Let A be a normed algebra. 
A left approximate unit in A is a net (ej)ig7 in A such that 



lim Cja 



for all a E A. 



Analogously one defines a right approximate unit, a one-sided approx- 
imate unit, as well as a two-sided approximate unit. A one-sided or 
two-sided approximate unit (ei)jg/ in A is called bounded if the net 
(ej)jg/ is bounded in A. 



Recall that a C*-algebra has a bounded two-sided approximate unit 



contained in the open unit ball, cf. (20.2) 
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(26.7). Proposition. Let ip be a continuous positive linear functional 
on a normed *-algebra A with continuous involution and bounded one- 
sided approximate unit {ei)i^j. Then ip has finite variation. 



Proof. Let c denote a bound of the approximate unit and let d denote 
the norm of the involution. The Cauchy-Schwarz inequality implies 

2 I / *\ I 2 



(p{eia) 



^Ct, 6j /(^ I f^ \Cly Qjfip ^6j , 6j /^ 



< ip^CiCi*) ip{a*a) < \ip\dc'^ ip{a*a) 
for all a & A. Hence in the case of a bounded left approximate unit 

I '■p{0') I ^ dc'^ \ip\ ip{a*a) 

for all a & A. If (ej)jg7 is a bounded right approximate unit, then 
(ej*)jg/ is a bounded left approximate unit by continuity of the involu- 



tion. 



D 



(26.8). Theorem. Let A be a normed *-algebra with isometric involu- 
tion and with a bounded one-sided approximate unit in the closed unit 
ball. If ip is a continuous positive linear functional on A, then ip has 
finite variation 

v{(p) = \(p\. 

Proof. By the preceding proof we have v{ip) < \ip\. For the converse 
inequality, please note that tt^ is contractive by (24.8) & (22.8) By 



(24.16) 



ip{a) I = I {n^{a)c^,c^)^ 



for all a G v4, whence, by (24.15) 



ip{a) I < 1 7r^{a) | • || c<^ || < | a | ■ v{ip) (a G A). 



D 



(26.9). Corollary. Let A be a normed *-algebra with isometric in- 
volution and with a bounded one-sided approximate unit in the closed 
unit ball. Then a state on A can be defined as a continuous positive 
linear functional of norm 1. 



Proof. This follows from the fact that A has continuous states, cf. 
(25.13)1(1). D 



For the preceding two results, see also (27.7) below. 



112 



5. STATES 



(26.10). Corollary. A positive linear functional ip on a C*-algehra 
is continuous and has finite variation 

v{ip) = \\(p\\. 

It follows that a state on a C*-algehra can he defined as an automatically 
continuous positive linear functional of norm 1. 



Proof. This follows now from |(19.23)] and |(20.2) 
Now for the unital case. 



D 



(26.11). Corollary. Let A he a normed *-algehra with isometric 
involution and with unit e of norm 1. If ip is a continuous positive 
linear functional on A, then 

y?(e). 



V 



Proof. This is a trivial consequence of (26.1) and |(26.8)| 
The next two results are frequently used. 



D 



(26.12). Theorem. A continuous linear functional ip on a unital 
C*-algehra A is positive if and only if 

ip{e). 



\V 



Proof. The "only if" part follows from the preceding corollary (26.11) 



Suppose now that || c/? || = (y9(e). We can then assume that also || y? 
1. If a G v4 and ip{a*a) is not > 0, there exists a (large) closed disc 
{z G C : I 2;o — z I < p} which contains sp(a*a), but does not con- 
tain (p){a*a). (Please note that sp(a*a) C [0, cxd[ by the Shirali-Ford 
Theorem (17.14)[ ) Consequently sp(2;oe — a* a) is contained in the disc 
{z E G : z\ < p}, and so || ZqC — a*a \\ = T\{zoe — a*a) < p, cf. (7.6) 



Hence the contradiction 

I Zo — f{a*a) I = I (p{zoe — a*a) | < || v^ || ■ || ZoC — a*a || < p. □ 

(26.13). Corollary. A state on a unital C*-algehra can he defined as 
a continuous linear functional ip such that 

\\i,\\=^{e) = l. 



Proof. This follows now from (26.1 



D 
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(26.14). Theorem. Let A be a normed *-algebra with a bounded left 
approximate unit {ei)i^i. Let n be a continuous non-degenerate repre- 
sentation of A in a Hilbert space H. We then have 

lini'7r(ej)x = x for all x & H. 

Proof. Suppose first that x & H is oi the form x = vr(a)y for some 
a & A, y & H. By continuity of vr it follows that 

lim II 7r{ei)x — a; || = lim || Tr{eia — a)y \\ = 0. 

Thus linijg/ Ti{ei)z = z for all z in the dense subspace 

Z := span { vr(a)y E H : a E A,y E H}. 

Denote by c a bound of the representation, and by d a bound of the 
approximate unit. Given x E H , e > Q, there exists z E Z with 

II II ^ 

X — 2; < 



3(1 + erf)' 
Then let z G / such that for all j E I with j >i one has 



TT Co -2 — Z\\ < 



For all such j we get 

II 7r(ej)a; — x \\ 
< II 'K{ej)x — Ti{ej)z II + II 'K{ej)z — z\\ + \\z — x\\ < e. D 



We next give a description of an important class of states obtained 
from the Riesz Representation Theorem, cf. the appendix (46.4) 



(26.15). Lemma. Let Q ^ be a locally compact H aus dor ff space. For 
a state ip on Co(f2) there exists a unique inner regular Borel probability 
measure fi on Q such that 



Hf) 



f dfi for all f E Coi^) . 



(For the definition of an "inner regular Borel probability measure", see 
the appendtx KJel} & \(46.3)\ ) 



Proof. This follows from the Riesz Representation Theorem, cf. the 
appendix |(46.4)[ Please note |(19.18)| |(26.10)| and |(2.11)[ D 
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(26.16). Definition (Mi(fi)). If i7 7^ is a locally compact Hausdorff 
space, one denotes by Mi[fl) the set of inner regular Borel probability 



measures on il, cf. the appendix |(46.1)| fc (46.3)[ 



(26.17). Theorem. For a state ip on a commutative C*-algebra A, 
there exists a unique measure /i e Mi(A(y4)) such that 



V'(a) 



adfi for all a & A. 



Proof. We note that A ^ {0} because -0 is a state on A. It follows 
that the Gelfand transformation a 1— >■ a establishes an isomorphism of 
the C*-algebra A onto the C*-algebra Co(A(y4)), by the Commutative 
Gelfand-Naimark Theorem |(15.8)[ By defining 

■^(a) := '?/'(a) for all a ^ A, 



we get a state ^ on Co(A(y4)). By lemma (26.15) 
\x e Ml (A (A)) such that 



there exists a measure 



?/'(a) = ^(a) = adfi for all a G A. 
Uniqueness is now clear from lemma |(26.15) again. 



D 



30 



We shall return to this theme in 

The impatient reader can go from here to part |3] of the book, on 
the spectral theory of representations. 
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§ 27. The Theorem of Varopoulos 



Our next objective is the Theorem of Varopoulos (27.6) As it is 
httle used, we do not give a complete proof. We state without proof two 
closely related Factorisation Theorems of Paul J. Cohen and Nicholas 
Th. Varopoulos. We give them here in a form needed later. 



(27.1). Theorem (Paul J. Cohen). Let A be a Banach algebra with a 
bounded right approximate unit. Then every element of A is a product 
of two elements of A. 



(27.2). Theorem (Nicholas Th. Varopoulos). Let A be a Banach al- 
gebra with a bounded right approximate unit. For a sequence (a„) in 
A converging to 0, there exists a sequence (bn) in A converging to as 
well as c ^ A with an = bnC for all n. 



Proofs can be found in [231 § 11], [351 § 6], or [331 section 5.2]. 
(27.3). Theorem. Let A be a Banach *-algebra with a bounded right 



IS 



approximate unit. A positive Hilbert form (•, •) on A, cf. (24.3) 
bounded in the sense that there exists 7 > such that 

I (a, 6) I < 7 ■ I a I ■ I 6 I for all a,b ^ A. 



Proof. It shall first be shown that (-, ■) is continuous in the first vari- 
able. So let (a„) be a sequence in A converging to 0. By the Factori- 
sation Theorem of N. Th. Varopoulos (theorem |(27.2) above), there 



exists a sequence (6„) converging to in A as well as c G A, such that 
On = bnC for all n. Thus, for arbitrary d & A, we obtain 

{an,d) = {bnC,d) = {n{bn)c,d) -^ 



by continuity of vr (theorem |(22. 14) ). It follows that (-, ■) is separately 



continuous in both variables (as (■, ■) is Hermitian). An application of 
the uniform boundedness principle then shows that there exists 7 > 
such that 

I (a, 6) I < 7 ■ I a I ■ I 6 I for all a, 6 G A. D 
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(27.4). Theorem. Let A be a normed *-algebra with a bounded right 
approximate unit {ei)i^i. Let (-, ■) be a bounded non-zero positive Hilbert 
form on A. The corresponding GNS representation it then is cyclic. 
Furthermore, there exists a cyclic vector c for n, such that the positive 
linear functional of finite variation a \-^ (7r(a)c, c) (a e A) induces the 



positive Hilbert form (■,■). (Cf (24-2).) The vector c can be chosen to 



be any adherence point of the net {ei)i^i in the weak topology. 



Proof. Since the representation associated with (-,■) is weakly con- 
tinuous on Asa, it has an "extension" vr acting on the completion of 



A, cf. (22.5) Next, by boundedness of (■, ■), the net {ei)i(zi is bounded 
and therefore has an adherence point in the weak topology on the com- 
pletion of A. Let c be any such adherence point. By going over to a 
subnet, we can assume that (ei)jg/ converges weakly to c. It shall be 
shown that 7r(a)c = a for all a & A, which implies that c is cyclic for 
TT. It is enough to show that for b & A, one has (vr(a)c, 6) = {a,b). So 
one calculates 

{n{a)c,b) = {c,7i{a)*b) = lim (cj, 7r(a)*6) 

= lim (7r(a)ei,6) =lim(aej,6) = {a,b) = {a,b), 

where we have used the continuity of (■,■). Consider now the positive 
linear functional (p on A defined by 

(p^a) := (7r(a)c, c) (a G A). 

We have 

ip{a*a) = (7r(a*a)c, c) = || 7r(a)c || = || a || = (a, a) = {a, a) 

for all a & A, whence, after polarisation, 

(a, 6) = ip{b*a) {a,b G A). 



That is, (fi induces the positive Hilbert form (-, ■), cf. (24.2), D 



We see from the proofs that so far it is the bounded right approxi- 
mate units which are effective. Now for the case of a bounded two-sided 
approximate unit. We shall prove that in the preceding theorem, if we 
are in presence of a bounded two-sided approximate unit (ei)jg/, and 
if A is complete, then the cyclic vector c can be chosen to be the limit 
in norm of the net (ej)jg/. 



27. THE THEOREM OF VAROPOULOS 



117 



(27.5). Theorem. Let A be a Banach *-algebra with a bounded two- 
sided approximate unit {ei)i^i. Let (■, ■) be a non-zero positive Hilbert 
form on A. The corresponding GNS representation vr then is cyclic. 
Furthermore, there exists a cyclic vector c for it, such that the positive 
linear functional of finite variation a i— >• (7r(a)c, c) (a e A) induces the 
positive Hilbert form (■, ■). The vector c can be chosen to be the limit 
in norm of the net {ei)i^i. 



Proof. The Hilbert form (-, ■) is bounded by |(27.3)[ so |(27.4)| is applic- 
able. Only the last statement needs to be proved. The representation 



TT is continuous by (22.14), and as in the preceding proof, we have 
Ci = 7r(ej)c for all i E L Since (ei)jg/ among other things is a bounded 
left approximate unit, (26.14) implies that Cj = 7r(ej)c -^ c because vr 
is cyclic by the preceding theorem, and thus non-degenerate. D 



Next for bounded one-sided approximate units: 



(27.6). Theorem (Varopoulos, Shirali). A positive linear functional 
on a Banach *-algebra with a bounded one-sided approximate unit has 



finite variation, and thence also is continuous, cf (24-17). 



Proof. In the case of a bounded right approximate unit, the conclu- 



sion follows from the theorems (27.3) and (27.4) by an application of 



Cohen's Factorisation Theorem (27.1) In presence of a bounded left 
approximate unit, we change the multiplication to (a, b) ^-^ ba, and use 
the fact that the functional turns out to be Hermitian, cf. (24.11) D 



This result is due to Varopoulos for the special case of a continuous 
involution. It was extended to the general case by Shirali. 

(27.7). Corollary. Let A be a Banach *-algebra with isometric 
involution and with a bounded one-sided approximate unit in the closed 
unit ball. Every positive linear functional ip on A is continuous and 
has finite variation 

v{v) = \v\- 
It follows that a state on A can be defined as an automatically con- 
tinuous positive linear functional of norm 1 . 



Proof. This follows now from (26.8) and (26.9) 



D 



For C*-algebras, we don't need this result, see (26.10) 



CHAPTER 6 

The Enveloping C*- Algebra 

§ 28. C*(A) 
In this paragraph, let A be a normed *-algebra. 

(28.1). Proposition. A state ip on A satisfies 

il}{a*a) ' < rcr(a) for all a E A. 



Proof. Theorem (25.5) imphes that 



ip{a*a) ^''^ = {TT^{a*a)c^, c^)^''^ = \\ Tc^{a)c^ \\ < rcr(a). D 

(28.2). Definition ( || ■ ||o). For a e A, one defines 

II a ||o := sup ip{a*a) ' < rcr(a). 
^ G S{A) 

If S{A) = 0, one puts || a ||o := for all a E A. 



We shall see that || • ||o is a seminorm with certain extremality 
properties. 

(28.3). Theorem. If tt is a representation of A in a pre-Hilbert space 
H , which is weakly continuous on Asa, then 

II 7r(a) II < II a ||o for all a E A. 

Proof. We may assume that if is a Hilbert space ^ {0} and that vr 
is non-degenerate. Let x E H with || x || = 1. Consider the state ip on 
A defined by 

ip{a) := {7r(a)x,x) (a E A). 
We obtain 

II 7r(a)x II = (7r(a)x, 7r(a)x) =ip{a*a) ' < || a ||o- D 
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(28.4). Definition (the universal representation, tt^ 

TTu := ®j, r- Q/ A\ VT,/,, H, 



We define 



Vg5(^)"V" 



ip £ S{A) ^V 



One says that vr^ is the universal representation of A and that Hu 
is the universal Hilbert space of A. The universal representation is 



(T-contractive by (23.11) 



(28.5). Theorem. For a e A, we have 

\\iTuia) II = II a 



Proof. The representation ttu is cr-contractive as noted before, so 
that, by 1(28.3)1 

\\'^u{a) II < ||a||o 

for all a ^ A. In order to show the converse inequality, let a G A be 
fixed. Let ip G S{A). It suffices then to prove that ip{a*a) < \\ 7ry(a) || . 
We have 



tjj(a*a) = {Tc^{a*a)c^,c^)^ = (7r^(a)c^, 7r^(a)c^)^ 
= II 7r^(a)c^ II <||7r^,(a)|| < || vrij(a) || . 



D 



(28.6). Definition (the Gelfand-Naimark seminorm). We see from 
the preceding theorem that || ■ ||o is a seminorm on A. The seminorm 
II • ||o is called the Gelfand-Naimark seminorm . It satisfies 



where 



II 0- ||o < ^^-(a) < II a II (a e A), 

denotes the auxiliary *-norm on A. 



(28.7). Proposition. If A has continuous states, then the Gelfand- 
Naimark seminorm is continuous on A. If A furthermore is commu- 
tative, then the Gelfand-Naimark seminorm is dominated by the norm 
in A. 



Proof. This follows from |(25.14)] and |(8.10) 



D 



A basic object in representation theory is the following enveloping 
C*-algebra. It is useful for pulling down results. 
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(28.8). Definition (the enveloping C*-algebra, C*{A)). The *-radical 
of A is defined to be the *-stable (13.1)| two-sided ideal on which 



vanishes. It shall be denoted by *-rad{A). We introduce a norm || ■ || 
on A/*-Ta.d{A) by defining 

II a + *-rad(y4) || := || a \\o for all a E A. 

Then {A/*-ia,(l{A), || ■ ||) is isomorphic as a normed *-algebra to the 
range of the universal representation, and thus is a pre-C*-algebra. 
Let (C*(A), II ■ II) denote the completion. It is called the enveloping 
C*-algebra of A. We put 

i:A^C*{A), a h^ a + *-rad(A). 



(28.9). Proposition. The *-algebra homomorphism j : A -^ C*{A) is 
a-contractive and its range is dense in C*{A). 

(28.10). Proposition. If A has continuous states, then the mapping 
j : A ^ C*{A) is continuous. If furthermore A is commutative, then j 
is contractive. 

Proof. This follows from |(28.7)[ D 

We now come to a group of statements which collectively might be 
called the "universal property" of the enveloping C*-algebra. 

(28.11). Proposition. Let H be a Hilhert space. The assignment 

vr := TTo o j 

establishes a bisection from the set of all representations tTq of C*{A) 
in H onto the set of all a-contractive representations it of A in H . 

Proof. Let tTq be a representation of C*{A) in H. It then is contrac- 
tive, and it follows that vr := tTq o j is a a-contractive representation 
of A in H. Conversely, let vr be a a-contractive representation of A in 



H. We then have || 7r(a) || < || a ||o by (28.3) It follows that vr vanishes 
on *-rad(A) and thus induces a representation tTq of C*{A) such that 
TT = TTo o j. To show injectivity, let po, o"o be two representations of 
C*{A) in H with Po ° j = c"o ° J- Then p^ and ao agree on the dense 
set j{A), hence everywhere. D 
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(28.12). Proposition. Let n be a representation of A in a Hilhert 
space H , which is weakly continuous on Asa- Let tXq he the correspond- 
ing representation of C*{A). Then -R(7ro) is the closure of R{tt). It 
follows that 

(z) 77 is non-degenerate if and only if tTq is so, 
{ii) Tx is cyclic if and only if tTq is so, 
{Hi) TTo' = tt'. 



Proof. The range of tTq is a C*-algebra by (22.20) Furthermore -R(7r) 



is dense in R{'Ko) by (28.9), from which it then follows that R{7To) is 



the closure of -R(7r). D 

(28.13). Proposition. If ip is a state on A, then 
I V'(O') I ^ II ct ||o for all a E A. 

Proof. We have 

\il){a)\ <il){a*a) ' < sup ip{a*a) ' = || a ||o. □ 

(28.14). Corollary. If ip is a positive linear functional of finite vari- 
ation on A, which is weakly continuous on Aga, then 

I v{o) I < v{ip) II a ||o for all a E A. 
(28.15). Proposition. By putting 

we establish a bisection from the set of positive linear functionals (po on 
C*{A) onto the set of positive linear functionals p) of finite variation 
on A, which are weakly continuous on Asa- Then v{ip) = v{ipo)- 

Proof. Let (fo be a positive linear functional on C*{A). Then (fo is 



continuous by (19.23) and consequently has finite variation by (26.7) 
as C* (A) has a bounded two-sided approximate unit |(20.2)[ It follows 
that if := ifo o j is a positive linear functional on A, which is weakly 
continuous on Asa because j is contractive on Asa- For a G A, we have 

l¥'(«)l^ = l(¥'oOJ)(«)l^ 
ip{a*a) = {ipoOJ){a*a), 

so that v{(f) = v{ipo\j{A))- By continuity of ipo on C*{A) and by conti- 
nuity of the involution in C*{A), it follows that v{(f) = v{(fo)- 
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Conversely, let if he a. positive linear functional of finite varia- 
tion on A, which is weakly continuous on Asa- By |(28.14) cp also 



is bounded with respect to || • ||o. It therefore induces a positive 
linear functional ipo on C*{A) such that ip = ipo o j. To show 
injectivity, let (po, ^o be positive linear functional on C*{A) with 
V'o ° j = V^o' ° j- Then ip^ and ipo coincide on the dense set j{A), hence 
everywhere, by automatic continuity of positive linear functionals on 



C*-algebras (19.23) D 



(28.16). Reminder. We imbed the set QS{A) of quasi-states on A 
in the unit ball of the dual space of the real normed space Aga ■ The 
space QS{A) is a compact HausdorfJ space in the weak* topology. (By 
Alaoglu's Theorem, cf the appendix (45.6)\ ) 



(28.17). Theorem. The assignment 

is an affine homeomorphism from the set QS(^C*{A)^ of quasi-states 
(fo on C*{A) onto the set QS{A) of quasi-states (p on A, and hence 
from the set S{C*{A)) onto the set S{A). 

Proof. This assignment is continuous by the universal property of the 
weak* topology, cf. the appendix |(45.3)[ The assignment, being a con- 
tinuous bijection from the compact space QS(^C*{A)) to the Hausdorff 



space QS{A), is a homeomorphism, cf. the appendix (45.7) D 



The next two results put the "extension processes" for states and 
their GNS representations in a useful relationship. 

(28.18). Proposition. Let ip be a state on A, and let ipo be the corre- 
sponding state on C*{A). Let (7r^)o denote the representation of C*{A) 
corresponding to the GNS representation vr^. We then have 

ipo{b) = ((7r^)o(6)c^, c^)v, for all b e C*{A). 

Proof. Consider the state ipi on C*{A) defined by 

iPi{b) := {{7i^)o{b)c^,c^)^ {b e C*{A)). 
We get 

V^i(j(«)) = ((7rV')o(j(a))cv,,c^)v. = (vrv,(a)c^,c^)^ = ipia), 
for all a & A, so that ■?/'i = ipo- D 
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(28.19). Corollary. For a state i/j on A, the representation 7r(^^) is 
spatially equivalent to (7r^)o, and there exists a unitary operator inter- 
twining 7r(^^) and (77^)0 taking C(^^) to c^. 



Proof. (23.17) D 



(28.20). Proposition. // A has continuous states, then *-rad(y4) is 
closed in A. 



Proof. This is a consequence of (28.7)[ For Banach *-algebras, this 



also follows from (8.6)[ D 



We close this paragraph with a discussion of *-seniisimple normed 
*- algebras. 

(28.21). Definition (*-semisimple normed *-algebras). We will say- 
that A is *-semisimple if *-Ta.d{A) = {0}. 

Please note that A is *-semisimple if and only if its universal rep- 
resentation is faithful. 

(28.22). Proposition. // A has a faithful representation in a pre- 
Hilbert space, which is weakly continuous on Aga, then A is *-semi- 
simple. 

Proof. A representation which is weakly continuous on Aga vanishes 



on the ^-radical by (28.3), D 



(28.23). Proposition. If A is *-semisimple, then (A, \\ ■ ||o) is a pre- 
C*-algehra and C*{A) is its completion. 

(28.24). Proposition. If A is *-semisimple, then the involution in A 
has closed graph. In particular, it then follows that Aga is closed in A. 



Proof. This follows from (8.7) D 



(28.25). Corollary. The involution in a *-semisimple Banach *-al- 
gebra is continuous. 
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§ 29. The Theorems of Raikov and of Gelfand & Naimark 



Our next objective is a result of Raikov (29.4) , of which the Gelfand- 



Naimark Theorem (29.5) is a special case 



(29.1). Theorem. Let C be a convex cone in a real vector space B. 
Let /o he a linear functional on a subspace Mq of B such that fo{x) > 
for all X G Mq fl C. Assume that Mq + C = B. The functional /o then 
has a linear extension f to B such that f{x) > for all x E C . 

Proof. Assume that /o has been extended to a linear functional /i on 
a subspace Mi of B such that /i(x) > for all x G Mi fl C. Assume 
that Ml ^ B. Let y e B, y ^ Mi and put Ms := span (Mi U {y}). 
Define 

E' ■=Min{y-C), E" ■=Min{y + C). 

The sets E' and E" are non-void because y, —y G Mo + C (by the 
assumption that Mq + C = B). If x' G E' , and x" G E" , then y-x' G C 
and x" — y G C, whence x" — x' G C, so that /i(x') < fi{x"). It follows 
that with 

a := sup fi{x'), b := inf fi{x") 

x'eE' x"<^E" 

one has — oo < a < 6 < oo. With a < c < b we then have 



/i(x')<c</i(a:") ix'eE',x"eE"). 

Define a linear functional /s on M2 = span (Mi U {y}) by 

/2(x + ay) := /i(x) + ac (x G Mi, a G R). 

It shall be shown that /2(x) > for aU x G M2 n C. So let x G Mi, 
a G R. \ {0}. There then exist /3 > and z G Mi such that either 
X + ay = I3{z + y) or x + ay = (3{z — y). Thus, if x + ay G C, then 
either z + yECoiz — yEC. Ifz + yGC, then —z G E' , so that 
fi{-z) < c, or /i(z) > -c, whence 72(2; + y) > 0. If 2; - y G C, 
then z G -E", so that fi{z) > c, whence f2{z — y) > 0. Thus /i has 
been extended to a linear functional /2 on the subspace M2 properly 
containing Mi, such that f2{x) > for all x G M2 fl C. 
One defines 

Z := { (M, /) : M is a subspace of -B containing Mq, 

/ is a linear functional on M extending /o 
such that /(x) > for all x G M n C }. 

Applying Zorn's Lemma yields a maximal element (M, /) of Z (with 
the obvious ordering). It follows from the above that M = B. D 
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(29.2). Theorem. If A is a Hermitian Banach *-algebra, then a state 
on a closed *-subalgebra of A can be extended to a state on all of A. 



Proof. Let D he a closed *-subalgebra of the Hermitian Banach 
*-algebra A. Put E := Ce + D, where e is the unit in A. Th en E is 



a Hermitian Banach *-algebra, cf. (11.5) as well as the proof of (2.16) 

Let iphe a. state on D. Putting ip{e) 

a state ip on E which extends ip, cf. the proof of 



1 and extending linearly, we get 
^ as well as |(26.3)| 
We want to apply the preceding theorem with B := Aga, C := A+, 
Mo := Esa, /o := i^lEan- The assumptions are satisfied because ip is 



^sa 



Hermitian by (25.6) , A^ is c onvex b y (17.7) , ip{b) > for all b G E^ by 
(25.11)1 E+ = A+n Esa by |(17.4)| and Esa + A+ = Asa because for 
a G Asa one has r\ (a)e + a > 0. By the preceding extension theorem, 
it follows that iplj^ has an extension to a linear functional / on Asa 
such that /(a) > for all a G A+. Let (f be the linear extension of / 
to A. We then have ip{a *a) > for all a G A because a*a G A^ by 
the Shirali-Ford Theorem 
^(e 



ip{e) 



1, cf. 



17.14) Moreover, if is a state on A because 



(26.3) Let ip be the restriction of (p to A. Then 

D 



if is a quasi-state extending ip, and thus a state. 



(29.3). Theorem. Let A be a Hermitian Banach *-algebra, and let a 
be a Hermitian element of A. The following properties are equivalent. 



(i) a>0, 

(ii) TCuia) > 0, 
(Hi) ^(a) >0 for allipe S{A). 



Proof. The implications (i) =^ (ii) -v^ (iii) hold for normed *-algebras 
in general. Indeed (i) =^ (ii) follows from (17.3) while (ii) -v^ (iii) follows 
from Tiuia) > ^ {nu{a)x,x) > for all x G Hu, cf. |(19.19)[ The 



closed subalgebra B of A generated by a is a commutative Hermitian 



Banach *-algebra by (11.5) One notes that every multiplicative linear 
functional r on i? is a state. Indeed, as r is Hermitian (14.19) , we have 
I r(6) I ^ = r(6*6) for all 6 G -B, so that r is positive and has variation 
1. Furthermore, r is continuous by (14.2) The proof of (iii) =^ (i) 
goes as follows. If '?/'(a) > for all ip in S{A) then by the preceding 
theorem also ip{a) > for all ip in S{B). In particular T{a) > for 
all T G A{B). It follows from 1(14.14)] that a e B+, whence a G A+ by 
I4l0)| D 
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(29.4). Theorem (Raikov's Criterion). For a Banach * -algebra A, the 
following statements are equivalent. 

{i) A is Hermitian, 
{ii) II T^uid) II = I'crlct) for all a E A, 
{Hi) II a ||o = rcr(a) for all a E A. 



Proof, fii) <^ fiii): We know that 



i) follows from (17.15) and (7.5), (i 



„=||7r»||,cf.[(28g (ii) 
- (ii): It is easily seen t hat the 
Gelfand-Naimark seminorm on A coincides on A with || ■ ||o, cf. (26.5) 
One can thus assume that A is unital. Clearly ttu then is unital (1.15) 
If A is Hermitian, then the preceding theorem and lemma [( 2 1 . 4 ) | imply 
that for a E A, one has Ta{7^u{0')) = T^a{ci), or || 7ry(a) || = ro-(a), cf. 



(29.5). Theorem (the Gelfand-Naimark Theorem). If {A,\\ ■ ||) is a 
C*-algehra, then 



vr,,, a 



for all a G v4, 



so that the universal representation of A establishes an isomorphism of 
C*-algebras from A onto a C*-algebra of bounded linear operators on 
a Hilbert space. Furthermore C*{A) can be identified with A. 



Proof. This follows now from rcr(a) = || a ||, cf. (7.5) 



D 



(29.6). Proposition. A Banach *-algebra A is Hermitian if and only 
if the Ptdk function la is a seminorm. 



Proof. The "only if" part is clear by Ta{a) = \\ a ||o if A is Hermi- 
tian. Conversely assume that r^r is a seminorm. In order to show 
that A is Hermitian, we can go over to the closed subalgebra gener- 
ated by a Hermitian element, cf. (4.10) Hence we may assume that 



A is commutative. By assumption we have laia + b) < T(j{a) + T(j{b), 
whence also |rcr(a) — Ta-{b) \ < Y(j{a — b) for all a ,b £ A. We also 
have Ya{ci*a) = rcr(a) and rcr(a*) = Ta{a) (by (7.4)), as well as 
rcr(a6) < rcr(a)rcr(6) (by (7.9)) for all a,b E A. It follows that the 



set I on which tq- vanishes is a *-stable two-sided ideal in A. Further- 
more, it follows that || a+I \\ := rcr(a) (a G A) is well-defined and makes 
A/I into a pre-C*-algebra. Upon completing A/I, we get a *-algebra 
homomorphism vr from A to a C*-algebra such that r,j(a) = || 7r(a) || 
for all a E A. Now (17.15) implies that A is Hermitian. D 
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(29.7). Proposition. On a Hermitian Banach *-algebra, the Ptdk 
function la is uniformly continuous. 



Proof. |(29.4)| |(25.13)| (ii), |(28.7)[ 

As an immediate consequence, we obtain: 



D 



(29.8). Corollary. If A is a *-subalgebra of a Hermitian Banach 
*-algebra, then every a-contractive linear map from A to a normed 
space is continuous. In particular, A has continuous states. 



Proof. (22.10) 



IV 



VI . 



n 



(See also (22.21) as well as the remark following |(25. 13) 
Now for the commutative case. 



(29.9). Theorem. If A is a commutative Hermitian Banach *-algebra 
with A{A) 7^ 0, then for a E A, we have 



Proof. ra(a) = r;^(a) = | a U by (11.3) (iv) & (14.15) 



D 



(29.10). Corollary. If A is a commutative Hermitian Banach *-al- 
gebra with A{A) ^ 0, then A is *-semisimple if and only if the Gelfand 
transformation A — > Co(A(yl)) is infective. 

(29.11). Corollary. If A is a commutative Hermitian Banach *-al- 
gebra with A(A) ^ 0, then C*{A) is isomorphic as a C*-algebra to 



Proof. By theorem (29.9) , (A/*-rad(A), || ■ ||) is isomorphic as a pre- 
C*-algebra to { a G Co(A(A)) : a E A}, and the latter set is dense in 
Co(A(A)),cf.|(T5J)l D 
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§ 30. Commutativity 

In this paragraph, let A be a commutative normed *-algebra. 

(30.1). Definition (A^^^(A)). We denote by A^^^(A) the set of 
Hermitian multiphcative linear functionals on A, which are bounded 
on Asa- Please note that 

Al^{A) = S{A)nA{A). 



As in 5 15 we obtain: 



(30.2). Definition. We equip the set A*, (A) with the topology 
inherited from QS(A). It becomes in this way a locally compact 
Hausdorff space. 

(30.3). Proposition. If A is a Hermitian commutative Banach 
*-algebra, then Al {A) = A{A), also in the sense of topological spaces. 

(30.4). Proposition. If A*, (A) ^ 0, the Gelfand transformation 

a 1-^ a 

then is a a-contractive *-algebra homomorphism, whose range is dense 
in Co (^ A*, {A)Y (We shall abbreviate a\ A* (a) to a). 

Proof. One applies the Stone- Weierstrass Theorem, cf. the appendix 



(45.10) D 



(30.5). Proposition. The homeomorphism (po ^-^ v^o ° J (28.17) from 
S'(C*(A)) onto S{A) restricts to a homeomorphism from A(C*(A)) 
onto AT {A). 

(30.6). Corollary. If A1 (A) ^ 0, then C*{A) is isomorphic as a 
C*-algebra to Co (AT (^))- Furthermore, for a E A, we have 

It follows that A is *-semisimple if and only if the Gelfand trans- 
formation A -^ Co (at (A)) is injective. 
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(30.7). Theorem (the abstract Bochner Theorem). The formula 



ip{a) 



ad^ 



(a e A) 



establishes an affine bijection from Mi (A? (A)) onto S{A). 

Proof. L et iIj be a state on A. Let ipo be the corresponding state on 
(26.17) , there exists a unique measure /Xo G Mif A(C*(y4)) 



C*{A). By 
such that 



Mb) 



bdfXo for all 6g C*(A). 



Let fi be the image measure of /lo under the homeomorphism Tq ^—>- TqOj 
from A(^C*{A)) onto AT (A). (For the concept of image measure, see 



the appendix (46.5) - |(46.8)[ ) For a G A, we get 

j{a)di^o 
j{a){To)dfio{ro) 
Ta{j{a)) duoiro) 
a{To o j) d ^o{to) 



air) diiij) 



ad/j,. 



Uniqueness of /i follows fr om the fact that the functions a [a & A) are 



dense in Co(A*^^(A)),cf. (304) 



Conversely, let /i be a measure in Mi (AT {A)j and consider the 
linear functional ip on A defined by 



via) 



ad^ (a G v4). 



Then y? is a positive linear functional on A because for a G A, we have 



ip{a*a) 



a\ dfi > 0. 
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The positive linear functional (p is contractive on Asa because all the 
r e AT {A) are contractive on Asa as they are states. Indeed 



I viP) I < / I -rip) I dii{T) <\h\ for all 6 G Asa- 
Furthermore, we have v{ip) < 1 by the Cauchy-Schwarz inequality: 

I V5(a) I = adjj, </|a| djj, ■ l"^ dfx = (f{a*a) for all a G A. 

Thus, it follows that (p = Xtp with tp a state on A and < A < 1. By 
the preceding, there exists a unique measure u E Mi (AT (A)) such 
that 



We obtain 



as well as 



il>{a) = / adu (a G A). 
(p{a) = / ad{Xiy). 



(f{a) 



adfi. 



By density of the functions a in Co (AT (^4)), it follows fi = Xu 
whence A = 1, so that ip = ip is a. state on A. 



D 



See also (38.1) & (38.2) below. 



(30.8). Counterexample. There exists a commutative unital nor- 
med *-algebra A such that each Hermitian multiplicative linear 
functional on A is contractive on Asa, yet discontinuous, and thereby 
a discontinuous state. 



Proof. We take A := C[Z] as *-algebra, cf. |(1.5)[ (We shall define a 
norm later on.) Let r be a Hermitian multiplicative linear functional 
on A. If we put u := t(5i), then 



T[a 



) = E 



a(n) u 



for all a E A. 



With e := (5o the unit in A, we have 

2 



u\ = uu = t{5i) t{5i) = t{5i) ^"(^i*) 

r(5i) r(5_i) = r(5i5_i) = r(e) = 1, 
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which makes that u = t{6i) belongs to the unit circle. Conversely, if u 
is in the unit circle then 

r(a) := ^ a(n)u" {a E A) 

neZ 

defines a Hermitian multiplicative linear functional on A. In other 
words, the Hermitian multiplicative linear functionals r on A cor- 
respond to the points u := t{6i) in the unit circle. 

We shall now introduce a norm on A. Let 7 > 1 be fixed. Then 

I '^l^J I 7 
nez 

defines an algebra norm on A. (We leave the verification to the reader.) 

If a G Asa, then a{—n) = a{n) for all n G Z, so for a G Aga we have 

\a\ = \a{0)\ + J2\^i^)\{r + ^„ 

n>l ^ 

Let r be a Hermitian multiplicative linear functional on A. Then 
T{5n) = (t(5i)) is in the unit circle for all n G Z, so for a G Aga 
we find 

|r(a) I < |a(0)| +2 ^ kHI- 

n>l 

We see that if a G Aga-, then | T(a) | < | a |, so r is contractive on Aga- 
However 



I (5„ I = 7 " — * for n — > —00, 

I r(5„) I = 1 for all n eIj, 

which shows that r is discontinuous. D 

(30.9). Remark. This gives an example of a commutative normed 
*-algebra which cannot be imbedded in a Banach *-algebra, see (25.13)| 



iii). See also (6.7), (7.3), and |(22.21) The above normed *-algebra 



also serves as a counterexample for the latter statements with normed 
*-algebras instead of Banach >K-algebras. Please note that the above 
commutative unital normed *-algebra does not carry any continuous 
Hermitian multiplicative linear functional. 



CHAPTER 7 
Irreducible Representations 

§ 31. General *- Algebras: Indecomposable Functionals 

Let throughout A be a *-algebra and H ^ {0} a Hilbert space. 



(31.1). Definition (irreducible representations). A representation of 
A in if is called irreducible if it is non-zero and if it has no closed 
reducing subspaces other than {0} and H . 



(31.2). Proposition. A non-zero representation tx of A in H is irre- 
ducible if and only if every non-zero vector in H is cyclic for tx. 



P roof. A ssume that vr is irreducible. Then tt must be non-degenerate, 
cf. 



(23.6), Let x be a non-zero vector in H and consider M = R{7r)x. 



Then x G M, because vr is non-degenerate, cf. (23.8) In particular, M 
is a closed reducing subspace 7^ {0}, so that M = H. The proof of the 
converse implication is left to the reader. D 



(31.3). Lemma (Schur's Lemma). A non-zero representation vr of A in 
H is irreducible if and only if tt' = CI. 



Proof. Assume that vr' = CI. Let M be a closed reducing subspace 



of IT and let p be the projection on M. Then p belongs to tt' by (23.5) 
whence either p = or p = t. Assume conversely that vr is irreducible. 
Then vr' is a unital C*-subalgebra of B{H). Consider a Hermitian 
element a = a* of vr' and let C be the C*-subalgebra of vr' generated 
by a and 1. In order to prove the lemma, it suffices to show that A(C) 
contains only one point. So assume that A(C) contains more than one 
point. There then exist non-zero Ci, C2 G C with C1C2 = (by Urysohn's 
Lemma). Choosing x E H with C2X 7^ 0, we obtain the contradiction 
CiH = citt{A)c2X C 'k{A)ciC2X = {0}. n 
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(31.4). Corollary. If A is commutative, then a non-zero represen- 
tation IT of A in H is irreducible if and only if H is one-dimensional. 

Proof. We have i?(7r) c n'. D 

An irreducible representation of a non- commutative *-algebra need 
not be one-dimensional, cf. e.g. (36.12)|below. 



(31.5). Proposition. Let n be an irreducible representation of A in 
H. Assume that x,y are vectors in H with 

{7i{a)x,x) = {TT{a)y,y) for all a & A. 

There then exists a complex number u of modulus 1 with x = uy. 

Proof. Assume that both x and y are non- zero. Then x,y are cyclic 
vectors for tt and there exists a unitary operator f/ G vr' = C(7r,7r) 
taking x to y, cf. (23.17)[ Since vr is irreducible, it follows from Schur's 



Lemma (31.3) that U = u\ with u G C, | u | = 1. Assume next that 
x = 0, y 7^ 0. The equation 

= (7r(a)x,x) = {n{a)y,y) (a G A) 

would then imply that the vector y y^ was orthogonal to all the 
vectors vr(a)?/ {a ^ A), so that y could not be a cyclic vector. D 

(31.6). Lemma. Let cp be a positive semidefinite sesquilinear form on H 
with sup|| j.||<]^ 9?(a;,a;) < oo. There then exists a unique linear operator 
a G B{H)^ such that 

(p{x,y) = {ax,y) {x,y E H). 

Proof. We have supy^n jjj^|j<;l | (p{x,y) | < oo by the Cauchy-Schwarz 
inequality. It follows from a well-known theorem that there exists a 
unique bounded linear operator a on H with {ax,y) = ip{x,y) for all 
x,y E H. The operator a is positive because ip is positive semidefinite, 
cf. 1(19.19)1 D 



(31.7). Definition (subordination). Let ipi, if 2 be positive linear func- 
tionals on A. One says that v^i is subordinate to ip2 if there is A > 
such that X(f2 — v^i is a positive linear functional. 
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(31.8). Theorem. Let tc be a cyclic representation of A in H and let 
c be a cyclic vector for vr. Consider the positive linear functional ip on 
A defined by 

ip{a) := (7r(a)c, c) (a G A). 
The equation 

fi{a) = {b7!'{a)c,c) (a G A) 

establishes a bisection between operators b G 7r'+ and Hermitian positive 
linear functionals ipi on A of finite variation which are subordinate to 

ip. 

Proof. Let b G ti' +. It is immediate that 

ipi{a) := {b'K{a)c, c) = {7i{a)b^/^c, b^'^c) (a G A) 
defines a Hermitian positive linear functional of finite variation on A, 



cf. (19.5) and (24.11), To show that ipi is subordinate to </?, we note 
that b < II & II 1, whence 

II b II (x, x) — {bx,x) > 

for all X E H . With x := 7r(a)c it follows that 

II b II (7r(a*a)c, c) — {b'n-{a*a)c, c) > 0, 

which says that || 6 || (^5 — y^i is a positive linear functional on A. 

Conversely, let ipi be a Hermitian positive linear functional of finite 
variation subordinate to ip. There then exists A > such that 

0<ipi{a*a)<Xip{a*a) (*) 

for all a E A. 

For X = TT{f)c,y = Tc{g)c, {f,g G A), we put 

a{x,y) ■.= ipi{g*f). 

This expression depends only on x, y. Indeed, let for example also 
X = 7i{h)c, i.e. 7r(/ — h)c = 0. We obtain 

V ((/ - hTif - h)) = {n{f - h)c, n{f - h)c) = 0, 

so that by (*), 

v>i{if-hnf-h)) = o. 

From the Cauchy-Schwarz inequality, it follows that 

so that 

^i{9*f) =Vi{9*h), 



136 7. IRREDUCIBLE REPRESENTATIONS 

as claimed. Denote by Ho the set of all vectors x G if of the form 
X = T^{f)c (/ G A). The vector space Ho is dense in H because c is 
cyclic for tt. The positive semidefinite sesquilinear form a is bounded 
on Ho since (*) may be rewritten as 

a(x,x) < A {x,x) (**) 

for all X G Ho- Therefore a has a unique continuation to a bounded 
positive semidefinite sesquilinear form on H. The inequality (**) then 
is vahd for all x E H. By (31.6) there is a unique operator b G B{H)^ 
such that 

a{x,y) = {bx,y) {x,y e H). 

It shall be shown that b G vr'. For x = 'n'{f)c, y = TT{g)c, and a G A, we 
have 

{bTc{a)x,y) = {b7T{af)c,TT{g)c) = a(n{af)c,Tc{g)c) = ipi{g*af), 

as well as 

{Tc{a)bx,y) = {bx,Tc{a*)y) = {bn{f)c,Tc{a*g)c) = a{Tr{f)c,'iT{a*g)c) 

= ^i{{a*grf)=M9*<^f), 
so that 

{bTc{a)x,y) = {Tc{a)bx,y) 

for all x,y E Ho and hence for all x,y E H, so that b G vr'. In order to 
prove that 

(pi{a) = {bn{a)c,c) (a G A), 

one first notices that 

|y9i(a)| < v{lpi) ipi{a*a) < v{lpi) X{p{a*a) = Xv{ipi)\\n{a)c\\ , 

so that 7i{a)c ^—>- ^pi{a) is a bounded linear functional on Ho, hence 
extends to a bounded linear functional on H. (The expression (pi{a) 
depends only on 7r(a)c as is seen as follows: if ■n{f)c = Ti{g)c, we have 

I viif) - viig) 1^ = 1 viif -g)\^ < ^v{vi) II 7r(/ - g)c II ^ = 0.) 

There thus exists a vector d E H with 

ipi{a) = {n{a)c,d) (a G A). 
We get 

{n{f)c,bTT{g)c) = {b7T{f)c,TT{g)c) = a{TT{f)c,n{g)c) 

= Mg*f) = {n{g*f)c,d) = {7r{f)c,7r{g)d), 

so that 

b7i{g)c = 7c{g)d (gEA). 
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It follows that 



(67r(a)c, c) = {n{a)d,c) = (7r(a*)c, rf) = (pi{a*) = (pi{a). 
The uniqueness statement follows from the identity 

Vi{9*f) = (&7r(/)c,7r(^)c), 
and the fact that Ho is dense in H. D 

(31.9). Definition (indecomposable positive linear functionals) . Let 
(fihe a Hermitian positive linear functional of finite variation on A. The 
functional (p is called indecomposable if every other Hermitian positive 
linear functional of finite variation on A, which is subordinate to if, is 
a multiple of (p. 

(31.10). Theorem. Let n be a cyclic representation of A in H and let 
c be a cyclic vector for it. Consider the positive linear functional (f on 
A defined by 

ip{a) := (7r(a)c, c) (a G A). 
Then vr is irreducible if and only if (f is indecomposable. 

Proof. Assume that vr is irreducible and let cpi be a Hermitian positive 
linear functional of finite variation subordinate to ip. There exists b G 
7r'+ with (pi{a) = {b7i{a)c,c) for all a E A. Since vr is irreducible, it 
follows that b = XI for some A > 0, so that (fi = X(f. Conversely, 
let ip be indecomposable and let p denote the projection on a closed 



invariant subspace of vr. We then have p G 7r'_|_, cf. (23.5) , so that the 
Hermitian positive linear functional (pi of finite variation defined by 
(pi{a) := {pn{a)c,c) (a G A), is subordinate to ip, whence pi = \p> 
for some A G R. Since p is uniquely determined by y^i, it follows 
that p = Al, but then A = or 1 as p is a projection, and so vr is 
irreducible. D 
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§ 32. Normed *-Algebras: Pure States 

Throughout this paragraph, let A be a normed *-algebra, and 
assume that ip is a state on A. 

(32.1). Definition (pure states, PS (A)). One says that ■?/; is a 
pure state on A if it is an extreme point of the convex set S{A) of 



states on A, cf. (25.3), The set of pure states on A is denoted by 
PSjA) . 

(32.2). Lemma. Letipo be the state on C*{A) corresponding to ip. Then 
tp is indecomposable precisely when ipo is so. 

Proof. The representation 7r(^^) is spatially equivalent to (7r^)o, cf. 



28.19) Therefore 7r(^^) is irreducible precisely when {ti^)o is. Now 



(7r^)o is irreducible if and only if tt^ is irreducible, as is shown by 



28.12) (iii). D 



(32.3). Theorem. The state ip is indecomposable if and only if it is a 
pure state. 

Proof. We shall first prove this if A has continuous involution and 
a bounded left approximate unit. Let the state ip be indecomposable. 
Assume that ■?/' = AiV'i + A2V'2 where Ai,A2 > 0, Ai + A2 = 1 and 
il'i,'4'2 £ S{A). Since Xki'k is subordinate to ip, we have Xk'ipk = A*fc'0 
for some fik > 0. We obtain Afc = v{Xkipk) = vifJ'kip) = fJ^k so that 
ipk = ip for k = 1,2. Therefore ip is an extreme point of S{A). Let next 
the state ip be pure. Consider a Hermitian positive linear functional 
ipi of finite variation on A subordinate to ip. Then ipi is bounded on 



Asa by applying (31.8) to n^. But then ipi and ip are bounded as the 
involution in A is continuous by assumption. It must be shown that ipi 
is a multiple of ip. Assume without loss of generality that tpi G S{A). 
There then exists A > such that ip — Xipi =: ip' is a. positive linear 
functional. This functional is continuous and thus has finite variation 
because by assumption A has continuous involution and a bounded left 
approximate unit, cf. (26.7)[ It must be shown that ipi is a multiple 



of Ip. Assume that ip' 7^ 0. Put ip2 ■= ip' / jJi where /i := v{ip') > as 
Ip' 7^ 0. Then ip2 is a state on A with ip = Xipi + fiip2. It follows that 



1 = A + /i by additivity of the variation, cf. (24.18) , Since A, /i > 0, it 
follows that ipi = ip2 = "ip because ip is an extreme point of S{A), and in 
particular ipi is a multiple of ip. This proves the theorem in presence of 
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a continuous involution and a bounded left approximate unit. We shall 
pull down the general case from C*{A). Since the bijection ■?/' i— > ^/^^ is 
afiine, ip is a pure state precisely when ipo is a pure state. Moreover, 
by |(32.2)j ^ is indecomposable if and only if tp^ is indecomposable. D 

(32.4). Theorem. The following conditions are equivalent. 

(z) n^ is irreducible, 
{ii) ip is indecomposable, 
(Hi) ip is a pure state. 



Proof. (31.10) and (32.3) 



D 



(32.5). Theorem. If A is commutative , then PS{A) = A*, (A). 



Proof. (31.4) and (30.1) 



D 



(32.6). Proposition. The affine homeomorphism ip \-^ ipo (28.17) 
from S{A) onto S(C*{A)) restricts to a homeomorphism from PS {A) 
ontoPS{C*{A)). 



Proof. [(32^ and [(323)] (Recall p8l7) 



D 



(32.7). Theorem. The set of pure states on A parametrises the class 
of irreducible a -contractive representations of A in Hilbert spaces up 
to spatial equivalence. More precisely, if ip is a pure state on A, then 
tTjIj is an irreducible a-contractive representation of A. Conversely, if 
TT is an irreducible a-contractive representation of A in a Hilbert space, 
there exists a pure state %p on A such that tt is spatially equivalent to 
n^. (Cf.mM) 



Remark however that (31.5) implies that if vr is a mult i- dimensional 



irreducible a-contractive representation of a (necessarily non-commut- 
ative) normed *-algebra, there exists a continuum of pure states ip such 
that TT is spatially equivalent to n^. 



(32.8). Proposition. The set of extreme points of the non-empty 



compact convex set QS{A) is PS (A) U {0}. Cf (25.3) & (25.7). 
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Proof. It shall first be shown that is an extreme point of QS{A). 
So suppose that = X(pi + {1 — X) ip2 with < A < 1 and (pi,(p2 G 
QS{A). For a G v4, we then have ipk{a*a) = by ipk{a*a) > 0, and so 
^k{o) = by \ipk{a) p < f (9?^) (y9fc(a*a). It shall next be shown that 
each Tp G PS {A) is an extreme point of QS{A). So let -0 G PS {A), 
ip = Xipi + {1 — X) ip2, where < A < 1 and ipi, ip2 G QS{A). By 



additivity of the variation (24.18) , we have 1 = A v{ipi) + (1 — A) v{ip2), 
whence f (v?i) = v{ip2) = 1, so that ipi and ip2 are states, from which 
it follows that ip = (fi = (p2- It remains to be shown that (p G QS{A) 
with < v{ip) < 1 is not an extreme point of QS{A). This is so because 
then v? = v{ip) ■ {v{ip)-^ip) + (l - v{ip)) ■ 0. D 

(32.9). Corollary. The non-empty compact convex set QS{A) is the 
closed convex hull of PS (A) U {0}. 

Proof. The Krein-Milman Theorem says that a non-empty compact 
convex set in a separated locally convex topological vector space is the 
closed convex hull of its extreme points. D 

(32.10). Corollary. If a normed *-algebra has a state, then it has a 
pure state. 

(32.11). Theorem. The state ip is in the closed convex hull of PS (A). 

Proof. The state ip is in the closed convex hull of PS{A) U {0}, so 
that ip is the limit of a net {ipi)i^j where each ipi [i G /) is of the form 

n 

A ■ + ^ A, ■ 7/>, 
with 

n 

A + ^ Aj = 1, A > 0, Xj > 0, ijj G PS{A) (j = 1, . . . , n). 
i=i 
We then have 

n 

i=i 
so limsupf (v9j) < 1. We shall show that liminf f (y9j) > 1, from which 
limv{(fi) = 1. Assume that a := liminf f (y9j) < 1. By going over to a 
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subnet, we can then assume that a = Urn v{ipi). For a E A, one would 
have 

|-?/'(a)| =hm|y9j(a)| < lira v{(fi) (fi{a* a) = a ip {a* a), 

which would imply f(^) < a < 1, a contradiction. We have thus 
shown that liinv{(fi) = 1. In particular, by going over to a subnet, we 
may assume that v{ipi) ^ for all i E I. The net {v{ipi)~^ipi)i^i then 
converges to ip, and consists of convex combinations of pure states. D 



(32.12). Definition (the spectrum A). We shall say that two states on 
A are spatially equivalent if their corresponding GNS representations 
are spatially equivalent. This defines an equivalence relation on S{A). 
We define the spectrum A oi A as the set of spatial equivalence classes 
of PS{A). 



Please note that if A is commutative, then A may be identified with 

AijA),d.mM 



(32.13). Definition. We shall say that (tjjy) . ^ is a choice function 
if ip\ G A for each A G A. There exists a choice function (ipx) > 'a^Y 



the axiom of choice (cf. (32.10) ). 



(32.14). Definition (the reduced atomic representation, irra)- If 
{■ip)J . 2 is a choice function, we define 

One says that lira is a reduced atomic representation of A. Any two 
reduced atomic representations of A are spatially equivalent, so that 
one speaks of "the" reduced atomic representation of A. 



Our next aim is theorem (32.17) 



(32.15). Theorem. If A is a Hermitian Banach *-algebra and if B be 
a dosed *-subalgebra of A, then every pure state on B can be extended 
to a pure state on A. 
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Proof. Let y? be a pure state on B. Let K be the set of states on A 



which extend cp, cf. (29.2) Then i^ is a non-empty compact convex 
subset of S{A). (Indeed every adherence point of -ft' is a quasi-state 
extending ip, hence a state too.) It follows that K has an extreme 
point, Ip, say. It shall be shown that ijj is a pure state. So let ip = 
Xijji + (1 - A)^2 with < A < 1 and ipi,ip2 e S{A). We then also 
have ipls = XiPi\b + (1 - A)V^2|b, so that ipils = ip2\B = V'ls = <f- It 
follows that ipi-,ip2 belong to K. As ip is an extreme point of K, one 
has ipi = ip2, and so ■?/' is a pure state. D 



(32.16). Theorem. If A is a Hermitian Banach *-algebra and if a is 
a Hermitian element of A, then the following properties are equivalent. 



{i) a>0, 
{ii) TTraia) > 0, 
[Hi) ip{a) > for all tp E PS{A). 



Proof. This follows in the same way as (29.3), D 



(32.17). Theorem. For all a e A we have 

II TTraia) \\ = || a ||o- 

Proof. Assume first that A is a Hermitian Banach *-algebra. As 
in 



(29.4), it follows that || vrra(a) || = || a ||o = rcr(a). If A is merely a 
normed *-algebra, we pull down the result from the enveloping 
C*-algebra. For a G A, we have 

l|o||o = \\j{a) II = II j(a) ||o = II vrra(j(a)) || = || vrra(a) ||, 



where we have used the Gelfand-Naimark Theorem (29.5)| as well as 



(32.2) D 



(32.18). Theorem. The following statements are equivalent. 

{i) A is *-semisimple, 
{ii) TTra is faithful, 

{Hi) the irreducible a -contractive representations of A in Hilbert 
spaces separate the points of A. 



Proof. The proof is left to the reader. D 



§ 33. THE LEFT SPECTRUM IN A HERMITIAN BANACH *-ALGEBRA 143 

§ 33. The Left Spectrum in a Hermitian Banach *-Algebra 

In this paragraph, let A be a Hermitian Banach >K-algebra. 

(33.1). Proposition. If A is unital, then for a proper left ideal I in 
A, there exists a state ip on A such that 

ip{a*a) = for all a ^ I. 

Proof. Let Mq denote the real subspace of Aga spanned by e and the 
Hermitian elements of /. Define a linear functional /o on Mq by 

/o(Ae + y):=A (AgR, y* = yel). 

Let C denote the convex cone 
: Asa because for a G Asa one 



Please note here that e ^ /, cf. (14.6)| (i) 
A+ in Asa, cf. [(iTf)] We have M^ + C 
has r^(a)e+a > 0. Furthermore fo{x) > for all x G MoflC Indeed, if 
X = Ae + y G Mo n C with y* = y ^ I, then Xe — x = —y is a Hermitian 
element of J, which is a proper left ideal, so that Ae — x is not left 
invertible by (14.6)|(ii ), which implies that fo{x) = A G sp(a;) C [0, oo[. 
It follows from (29.1) that /o has a linear extension / to Asa such that 
f{x) > for aU x G C = A+. Then f{a*a) > for all a G A by the 



Shirali-Ford Theorem (17.14) The linear extension (f oi f from Asa 
to A satisfies the requirement, cf. (26.3) D 



(33.2). Proposition. If ip is a state on a unital normed *-algebra B, 
then 

M := {b e B : ^{b*b) = 0} 

is a proper left ideal of B . 

Proof. Let (•, •)^ denote the positive Hilbert form induced by ip, cf. 



(24.2) An element 6 of 5 is in M if and only if (6, c)<^ = for all c G -B 



by the Cauchy-Schwarz inequality. So M is the isotropic subspace of 
rft ideal in i 

ip{e) = 1, cf. pel) 



(•, ■)tp, and thus a left ideal in B, cf. (24.4) The left ideal M is proper 

as (p{e*e) 



D 



(33.3). Proposition. If A is unital, then for a maximal left ideal M 
in A there exists a state ip on A such that 



M = {ae A: ip{ 



a a) 



0}. 



Proof. There exists a state ip on A such that ip{a*a) = for all a G M, 
cf. (33.1), The set {a E A : ip{a*a) = } is a proper left ideal in A 
containing M, cf. (33.2) and thus equal to M by maximality of M. D 
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See also (33.5) below. 

(33.4). Theorem. If A is unital, then an element a of A is left inver- 
tible if and only if 

ip{a*a) > for all states (p on A. 

Proof. Let a ^ A. If a is not left invertible, then a lies in a proper 
left ideal by (14.6) (ii), which is contained in a maximal left ideal by 



(14.7) , so that (p{a*a) = for some state (p on A by proposition (33.3) 



Conversely, if (p{a*a) = for some state ip on A, then a lies in the 
proper left ideal {b & A : ip{b*b) = }, cf. proposition (33.2) , so that a 
cannot be left invertible by (14.6)| (ii). D 

(33.5). Theorem. If A is unital, then for a maximal left ideal M in 
A, there exists a pure state ip on A such that 

M = {aeA: ip{a*a) = 0}. 

Proof. The set K of those states (p on A with 

M = {aeA:ip{a*a) = 0} 



is non-empty by (33.3) Furthermore, i^ is a compact convex subset 
of the state space of A. (Indeed, if i is in the closed convex hull of K, 
then £ is a state (as A is unital) with 

M c{aeA: i{a*a) = 0}. 

But the set on the right hand side is a proper left ideal, and therefore 
equal to M, by maximality of M.) Thus K has an extreme point, ip 
say. It remains to be shown that the state ip is pure. So let 

1p = X(p^+ ^ip2 

with ipi, ip2 states on A and A, /i G ]0, 1[, A + /i = 1. For i G {1,2}, 
we then have 

M C {a G A: ipi{a*a) = 0} 

by positivity of ipi. As above, it follows that both sets are equal, i.e. 
(y9j G K^ which implies ip = (pi = >p2- □ 

(33.6). Theorem. If A is unital, then an element a of A is left inver- 
tible if and only if 

%lj{a*a) > for all pure states ip on A. 



Proof. In the proof of (33.4) replace "state" by "pure state". D 
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A similar characterisation for the right invertible elements holds as 
well, and thus we obtain: 



(33.7). Corollary. A normal element of a unital Hermitian Banach 
*-algebra is left invertible if and only if it it is right invertible. 

(33.8). Definition {E{h)). Let 5 be a normed *-algebra, and let 
b E B. We shall consider the set E{b) defined as the set of those pure 
states i/j on B, for which c^ is an eigenvector of n^{b) to the eigenvalue 
ip{b). That is, 

E{b) := { ^ G PSiB) : 7r^(6)c^ = ^(6)c^ }. 
We have the following characterisation of E{b): 



(33.9). Proposition. For an element b of a normed *-algebra B, we 
have 

E{b) = { ^ e PS{B) : I ij{b) I ^ = ^(6*6) }. 



Proof. For a state ip on B, we calculate 

II (7r^(6) - V^(6))c^ II 
= ((7rv(&) - ^(&))cv., (7r^(&) - i'ip))c^)^ 



= ||7r^(6)c^ II +||V^(6)c^|| -2Re (7/'(6)(7r^(b)C^,c^)^) 

= ij{b*b)-\ij(b)\^. n 

(33.10). Definition (the left spectrum, lsp5(6)). If b is an element 
of an algebra i?, we define the left spectrum of b as the set lsp^(6) of 

those complex numbers A for which Ae — 6 is not left invertible in B. 
We shall also abbreviate lsp(6) := lsp^(6). 

(33.11). Theorem. If A is unital, then for an element a of A, we have 

Isp^(a) = {ip{a) : if) E E{a) }. 

In particular, each point in the left spectrum is an eigenvalue in some 
irreducible representation. 
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Proof. Let a E A, X E C and put b := Xe — a. For a pure state ip on 
A, we compute 

^(6*6) = I A I V ^(a*a) - 2 Re (AV^(a)) 

= I A — '?/'(a) I + '?/;(a*a) — | '?/'(a) | . 

Now 

ilj{a*a) - \^{a) |^ > 

as v{ijj) = 1. Therefore ilj{b*b) vanishes if and only if both A = ip{a) 
and \ip{a) \ = tp{a*a). The statement follows now from the results 



(33.6) and (33.9) 



D 



(33.12). Theorem. If A is unital, then for an element a of A, we have 

Isp^(a) = lspf;.(^)(j(a)). 

Here, the left spectrum can he replaced with the right spectrum and with 
the spectrum. 



Proof . The bijection V'o ^ ^0° i from PS{C*{A)) to PS{A), cf. 
(32.6), restricts to a bijection from E(^j{a)) to E{a). The statement 



concerning the right spectrum follows by changing the multiplication 
in A to (a, b) 1-^ ba. The statement concerning the spectrum follows 



from (4.1) 



D 



Now for non-unital algebras. 

(33.13). Theorem. For an element a of A, we have 

hpM\{0} = ma) -.^ e E{a)}\{0}. 



Proof. The inclusion "d" follows from |(26.5)| |(33.11)[ and [(46) 



Conversely, let 7^ A G Isp^(a). We then also have 7^ A G Isp^(a) by 
(4.6), Hence there exi sts a pur e state i/j on A with 7^ A = ^(a) and 



ij{a*a), cf. 1(33.11)1 & |(33.9)[ The restriction tjj oi if; to A 

The 



I i^{a) I 

then is a quasi-state with 7^ A = ^(a), and | V'('j^) I = ip{a*a 
fact that 7^ I ■0(a) I = ip{a*a) implies that ip actually is a stat e. The 
state ip is pure because every state ip on A satisfies ip{e) = 1, cf. 
This makes that ip ^ E{a), cf. (33.9) 



(26.1) 
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(33.14). Theorem. For an element a of A, we have 

lsPA(a)\{0} = lsPc.(A)(j(«))\{0}. 

Here, the left spectrum can be replaced with the right spectrum and with 
the spectrum. 



Proof. The proof is the same as that of (33.12) 



D 



It is not very far from here to Raikov's Criterion (29.4) 



(33.15). Theorem. For an element a of A, we have 

Isp^(a) \ {0} = lsp(7r^(a)) \ {0} = hp{7Traia)) \ {0}, 
and the latter two sets consist entirely of eigenvalues. 

Proof. This follows now from (33.13)[ (33.8) and from the fact that 

lsp(7r(a))\{0}clsp(a)\{0} 
for an algebra homomorphism vr, cf. the proof of (4.9) D 



Part 3 
Spectral Theory of Representations 



CHAPTER 8 
Representations by Normal Bounded Operators 

§ 34. Spectral Measures 

(34.1). Definition (spectral measures). Let H ^ {0} be a Hilbert 
space, and let £^ be a a- algebra on a set ^2 7^ 0. Then a spectral measure 
defined on £■ and acting on /J is a map 

P -E ^ B{H) 

such that 

(i) P{u!) is a projection in H for each u E S, 
(a) P{Q) = 1, 
(iii) for all x E H, the function 

{Px, x) -.S ^R+ 

uj 1-^ {P{uj)x, x) = II P{uj)x II 

is a measure. 

One notes that if a: is a unit vector then {Px, x) is a probability 
measure. For x, y E H arbitrary, one defines a bounded complex 
measure {Px, y) on Vt by polarisation: 

1 4 

{Px,y) := -^i^(P(x + i'=|/),(x + i^)). 
fc=i 

We then have {Px,y){uj) = {P(uj)x,y) for all u E £, and all x,y E H. 
By abuse of notation, one also puts 

P:={P{uj) eB{H) -.ueE}. 



For the remainder of this paragraph, let H 7^ {0} denote a Hilbert 
space, let £ denote a a- algebra on a set fi 7^ 0, and let P denote a 
spectral measure defined on £ and acting on H . 
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(34.2). Proposition. The following statements hold. 

{{) P is finitely additive, i.e. if D is a finite collection of mutually 
disjoint sets in £, then 

^( U ^) = E ^H' 

w e £> uj e D 

(ii) P is orthogonal, i.e. if uji,uj2 G S and ujir\uj2 = 0, then 

P{UI)P{U2) = 0, 

(Hi) the events in £ are independent, i.e. for ui,U2 G S, we have 

P{L0inU2)=P{u^)P{uJ2). 

In particular P{uJi) and P{uj2) commute. 
Proof, (i): For all x,y e H, we have 

uj e D Lj e D uj e D 

(ii): Let uji,uj2 E £ with uji^uj2 = 0- By (i), we have 

P{uJi) + P{UJ2) = P{UJIVJUJ2), 

which says that P{uJi) + P{oJ2) is a projection. It follows 

PM + p{uj2) = [PM + PMf 

= P{uJi) + P{UJ2) + P{UJI)P{UJ2) + P{UJ2)PM. 

This implies 

P{UJI)P{UJ2) + P{UJ2)PM = 0. 

Multiplication from the left and from the right with P{uj2) yields 

p{u2)PMP{uj2) + PMPMPM = 0, 

and so 

P{UJ2)P{UJI)P{UJ2) = 0. 



The C*-property (2.8) implies 

II PMPiiU2) f = \\ P{U2)P{UJI)P{UJ2) II = 0, 

that is 

P{Ui)P{uJ2) = 0. 
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(iii): This follows from (i) and (ii) in the following way. 

= P{{uJi n i02) U (tUi \ UJ2)) ■ P{{UJ2 n Ui) U {UJ2 \ UJl)) 

= {P{Ui n UJ2) + P{uJi \ UJ2)) ■ {P{UJ2 n Ui) + P{UJ2 \ UJl)) 

= p(u;inu;2). n 

(34.3). Definition (/p). Let Ip be the linear map on the complex 
vector space of £^-step functions with Ip{loj) = Piyj) for all u & £. 
That is, if 

h= J^ aujluj 
ujG D 
is an £^-step function with D G S a finite partition of Q, then 

Ip{h):= J2 «c.PM. 
uje D 

This map Ip is a representation of the *-algebra of £^-step functions in 
H by the preceding proposition. Here Ip stands for "integral" . 

(34.4). Proposition. For an S-step function h, we have 

{Ip{h)x,x) = / hd{Px,x). 



Proof. Indeed, if 

h= ^ aujluj 

UJE D 

is a £^-step function with D G S a finite partition of Q, then 

{Ip{h)x,x) = { ^ aajP{uj)x,x) 
oj e D 

CO eD 
= y. '^uj / lujd {Px,x) = / hd{Px,x). D 

to £ D 

(34.5). Definition {Mb{S)). We shall denote by MbjS) the C*-al- 
gebra of bounded complex-valued £^-measurable functions equipped 



with the supremum norm | ■ |oo, cf. the appendix (46.5) 
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(34.6). Definition (spectral integrals). Let / G Mbi£) and a G 
B{H). One writes 



/ dP (weakly) 

if 

{ax, x) = f d{Px, x) for all x E H. 

We then also have 

ia.,y)^jfd(Px,v) forall..,eff. 

SO that then a is uniquely determined by / and P. 
We shall write 

a = f dP (in norm) 

if for every £^-step function h one has 

II a - Ip{h) \\<\f-h\oo. 

(34.7). Proposition. Let f e Mb{S) and a e B{H). If 

O' = I f dP (in norm) 

then also 

a = f dP (weakly). 

In particular, a then is uniquely determined by f and P. 

Proof. Since the £^-measurable function / is bounded, there exists a 
sequence (/i„) of £^-step functions converging uniformly to /. From 



/ dP (in norm) 

we have 

II a - Ip{hn) II < I / - /in loo ^ 0, 
that is, 

a = lim Ipijin). 



With (34.4) we get for all x e H: 



{ax,x) = lim {Ip{hn)x,x) = lim / hnd{Px,x) = / fd{Px,x), 

n^oo 71— >oo / / 
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which is the same as 

a= fdP (weakly). D 



(34.8). Theorem (7rp(/)). For f G Mb{S) there exists a (necessarily 
unique) operator 7rp(/) G B{H) such that 



T^pif) = / f dP (in norm). 

The map 

TTp : Mb{S) ^ B{H) 
f ^ Mf) 
then defines a representation Tip of Aib{S) in H. 

Proof. Let S{S) denote the complex vector space of £^-step functions. 
For h G S{S), we may write 

h = 2J (^LJ lo) 
UJE D 

where D G S is a finite partition of Q. We obtain 

Ip{h)= Y, C^LoPioo). 

Lu e D 
In order to show that the representation Ip is contractive: 

\\Ip{h) II <\h\oo, 

we note that for x G H, we have 

II r /; ^ II 2 V ^ I I 2 II /-)/ \ m 2 

II Ip[n)x II = y. I'^io] II P{oo)x \\ 
uj eD 

<\h\J J2 l|i^M:^ll' = |/^|oo'l|x||^ 

Lue D 



Let S{S) denote the closure of S{S) in the C*-algebra £°°{Q). We have 
S{S) C Aibi^) as pointwise limits of sequences of £^-measurable func- 
tions are £^-measurable. Also, Aibi^) C S{S) because every bounded 
^-measurable function is the uniform limit of a sequence of £^-step func- 
tions. We obtain the equality A4b{^) = S{S). It then follows that the 
mapping 

Ip:h^ Ip{h) {h G S{S)) 
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has a unique extension to a continuous mapping 

TTp : Mb{S) -^ B{H) 

This mapping then is a contractive representation (since Ip is so), from 
which it follows that 



m norm 



Mf) = JfdP 
for each / G Mb{S). D 

(34.9). Proposition. Let a be a bounded linear operator in H such 
that 



(^ = f dP (weakly) 
for some f G Aii,{S). We then also have 

f dP (in norm). 



Proof. We have a = npif) by vrp(/) = J f dP (weakly) as well. D 
(34.10). Proposition. For f e Mb{£) and x e H, we have 
^p(/)^ll = ll/ll(Px,x),2= ( / l/l' d{Px,x) 



Proof. One calculates 

II 7rp(/) X II ^ = (7rp( I / I ^ ) X, x) = / I / I ^ d{Px, x). U 

(34.11). Theorem. We have 

R{np) = span(P). 
It follows that R{'Kp) is the C*-subalgebra of B{H) generated by P. 



Proof. By (22.20) it follows that R{ttp) is a C*-algebra and so a 



closed subspace of B{H), containing span(P) as a dense subset. D 



(34.12). Corollary. We have np' = P' , cf (23.4) 



(34.13). Definition (P-a.e.). A property applicable to the points in D. 
is said to hold P-almost everywhere (P-a.e.) if it holds (Px, x)-almost 
everywhere for all x G if . 
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(34.14). Definition {N{P)). We denote by N{P) the closed *-stable 
ideal in Aib{S) consisting of the functions in Aii){S) which vanish 
P-almost everywhere. 



(34.15). Proposition. We have N{P) = kervrp. 



Proof. This follows from (34.10) D 



(34.16). Theorem. Every projection in R{ttp) is of the form P{uj) for 
some u E S. 



Proof. Let / e Mb{£) be such that np{f) = ■Kp{f)'^. We obtain 
f = f^ P-a.e. It follows that / is P-a.e. equal to either or 1. Then, 
with u = /~^(1) e S, we have f = lu; -P-a.e. and thus T^p{f) = 

TTpilco) = P{0J). □ 

(34.17). Theorem. For f e Mb{S), we have 

7ip{f) > 0^/> P-a.e. 

Proof. We have 

Mf) > ^ Mf) = I Mf) I 

^ np{f) =np{\f\) ^ f =\f\ P-a.e. 



Weusedthat7rp(|/|) = |7rp(/)|,cf. (19.9) & the proof of (19.17) 



(34.18). Theorem (the Dominated Convergence Theorem). If (fn) is 
a norm-bounded sequence in A4i,{S) which converges pointwise P-a.e. 
to a function f G A4b{^), then 

lim TTpifn) X = TTp{f) X for all x E H. 



Proof. This follows from Lebesgue's Dominated Convergence Theo- 
rem because by |(34.10) we have 

1/2 



7rp(/)x-7rp(/„)x|| = (j\f-fn\^d{Px,x)\ ^0. D 
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(34.19). Corollary (strong a-additivity). // (un) is a sequence of 
pairwise disjoint sets in £, then 



KU 



UJn X 



y P{uJn) X for all X E H. 



(34.20). Corollary (strong a-continuity). // (un) is an increasing 
sequence of sets in £, then 

P\\ \uJn] X = lim P{uJn) X for all x E H. 



(34.21). Theorem (the Monotone Convergence Theorem). //(/«) is a 
norm-hounded sequence in A4b{S)sa such that fn < fn+i P-a.e. for all 
n, then 

sup fndP = / sup fn dP. 



Proof. This follows from |(34.18)] and [(19.20) 



D 



(34.22). Definition (L°°(P)). We denote 

L'^{P):=Mb{S)/N{P), 



which is a commutative C*-algebra, cf. (21. 



(34.23). Proposition. The representation ttp factors to an isomor- 
phism of C*-algebras from L°°{P) onto R{ttp). 



Proof. This follows from |(34.15)] and 1(22.20) 



D 



(34.24). Definition (image of a spectral measure). Let £' be a 
(T-algebra on a set Q' ^ 0, and let f : Q -^ Q' be an S-£' measur- 
able function. Then 

f{P) : 8' ^ B{HU 

uj'^P{f-\J)) 

defines a spectral measure f{P) = P o f^^ defined on £', called the 
image of P under /. For g G Ai^i^'), one has 



gdf{P)= {gof)dP 



See the appendix (46.5) - (46.8) 
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§ 35. Spectral Theorems 

(35.1). Definition (resolution of identity). Let fi 7^ be a locally 
compact Hausdorff space. Then a resolution of identity on fi is a 
spectral measure P, defined on the Borel a-algebra of Q and acting 
on a Hilbert space H 7^ {0}, such that for all unit vectors x in H, the 
Borel probability measure (Px, x) is inner regular, cf. the appendix 



(46.1) fc (46.3) 



(35.2). Definition (the support). Let P be a resolution of identity 
on a locally compact Hausdorff space Vt ^ 0. If there exists a largest 
open subset u oiVt with P{uj) = 0, then i7 \ cj is called the support of 
P. The support of P exists, as the union O of all open subsets cj of il 
with P(a;) = satisfies P{0) = 0, by a compactness argument and by 
inner regularity. The support of P is denoted by supp(P). 



Please note that if the support of P is all of Q, then Cb(f2) is imbed- 
ded in L°°{P) as two continuous functions differ on an open subset. 



This imbedding is isometric by (21.5) 



(35.3). Theorem (the Spectral Theorem, archetypal form). For a 
commutative C*-algebra B of hounded linear operators acting non- 
degenerately on a Hilbert space H 7^ {0}, there exists a unique 
resolution of identity P on A(P), acting on H , such that 

b = bdP (in norm) for all b E B. 

One says that P is the spectral resolution of B. We have 

B' = P', 
and the support of P is all of A{B). 

Proof. If x is a unit vector in H, then 

b t— i> {bx,x) 



is a state on B, cf. (25.4) It follows that there is a unique inner regular 



Borel probability measure {Px,x) on A(P) such that 
{bx,x) = / bd{Px,x) for all b E B, 
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cf. (26.17) Polarisation yields complex measures (Px, y) on A(i?) such 
that 



{hx,y) = / bd{Px,y) 

for all x,y & H and all 6 G -B. For a Borel set u in A{B), consider the 
positive semidefinite sesquilinear form ip defined by 

¥^{x,y) := / lujd{Px,y) {x,y G H). 

Since ip{x,x) < 1 for all x in the unit ball of H, there exists a unique 
operator P{uj) G B{H)^ such that 

ip{x,y) = {P{ijj)x,y) for all x,y & H, 



cf. (31.6) In other words 

{P{Lo)x,y)= I Icj d{Px,y) {x,y e H). 



In order to show that P : uj \—>- P{uj) is a. spectral measure and hence a 
resolution of identity, it suffices to prove that each P(a;) is an idempot- 
ent. We shall prove more. 

Let u, oj' be Borel subsets of A(i?). We shall show that P{(jj)P{ijj') = 
P{uj n uj'). Let X, y E H . For a, b E B, we have 



abd{Px,y) = {abx,y) = / ad{Pbx,y). (*) 

Now {a : a E B} = Co(A(i?)), see the Commutative Gelfand-Naimark 



Theorem (15.8) It follows that 

b ■ {Px, y) = {Pbx, y) 

in the sense of equality of complex measures. The integrals in (*) 
therefore remain equal if a is replaced by l^j. Hence 



= {P{iu)bx,y) 

= {bx,P{uj)y) = I bd{Px,P{uj)y). {**] 
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The same reasoning as above shows that the integrals in (**) remain 
equal if b is replaced by 1^/. Consequently we have 

{P{unu;')x,y)= [l^^^,d{Px,y) 

l^,d{Px,Piuj)y) 
= {P{u')x,P{u)y) = {P{u)P{u')x,y), 

so that P{ujr\uj') = P{uj)P{uj') indeed, which finishes the proof that P 
is a resolution of identity. 



From 



it follows that 



whence also 



{bx,y) = / bd{Px,y) 



b dP (weakly) , 



bdP 



[m normj, 



cf. (34.9) 



Uniqueness follows from {b : b E B} = Co(A(S)), cf. the Commu- 



tative Gelfand-Naimark Theorem (15.8 



It shall now be shown that the support of P is all of A (5), i.e. 
is the largest open subset u of A{B) with P{uj) = 0. Let u be 
a non-empty open subset of A (5) and let x E uj. There then exists 
/ e Cc{A{B) such that 

< / < 1, fix) = 1, supp(/) C u. 



Let 6 G 5 with b = f. We then have 6 7^ 0, as well as 6 > by (19.18) 



Since / < 1^, it follows by (34.17) 



< 6 = np(b) = Tipif) < np{luj) = P{u) 
whence P{uj) ^ 0. 
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It shall next be shown that B' = P' . For a G B{H), the following 
statements are equivalent. 

P{uj)a = aP{ijj) for all Borel sets cu, 

{P{uj)ax,y) = {aP{ijj)x,y) for all Borel sets w, for all x,y E H, 

{P{u)ax,y) = {P{ijj)x,a*y) for all Borel sets tu, for all x,y E H, 

{Pax, y) = {Px, a*y) for all x,y E H, 

/ bd{Pax,y) = / bd{Px,a*y) for all b E B, for all x,y E H, 

{bax, y) = {bx, a*y) for all b E B, for all x,y E H, 

{bax, y) = {abx, y) for all b E B, for all x,y E H, 

ba = ab for all b E B, 

aE B'. 

The proof is complete. D 

Our next aim is the Spectral Theorem for a normal bounded linear 



operator (35.5) We shall need the following result. 



(35.4). Theorem (Fuglede - Putnam - Rosenblum). Let A he a 
pre-C*-algebra. Let ni,n2 be normal elements of A. Let a E A and 
assume that arii = n2a. We then also have arii* = n2*a. 

In particular, if n is a normal bounded linear operator on a Hilbert 
space, then {n}' = {n*}' . 



Proof. We may assume that A is a C*-algebra. Please note that it 
follows from the hypothesis that ani'' = n2^a for all integers k > 0, so 
if p G C[z], then ap{ni) = p{n2)a. It follows that 

a exp{izni) = exp(i^n2) a 

for all 2; G C, or equivalently 

a = exp(izn2) a exp(— i^ni). 

Since exp{x+y) = exp(x) exp{y) when x and y commute, the normality 
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of rii and n2 implies 

exp(izn2*) a exp(— izni*) 
= exp(izn2*) exp(i^n2) a exp(— izni) exp(— i2;ni*) 
= exp(i(2;n2* + zn2)) a exp(— i(^ni + zrii*)^ 

The expressions zn2* + zn2 and zni + zni* are Hermitian, and hence 
exp(i(2;n2* + zn2)) and exp(— i(zni + zrii*)^ are unitary. This imphes 

II exp(i2n2*) a exp(— i2;ni*) || < || a || 

for all z G C. However 

z H^ exp(i2;n2*) a exp(— izni*) 

is an entire function, hence constant by Liouville's Theorem, so that 

exp(izn2*) a = a exp(izni*) 

for all z ^ C By equating the coefficients for z we obtain n2*a = 
aril*. D 

We remark that the above result immediately carries over to *-semi- 



simple normed *-algebras, cf. (28.23) 



(35.5). Theorem (the Spectral Theorem for normal bounded linear 
operators). Let b be a normal bounded linear operator on a Hilbert 
space H ^ {0}. There then is a unique resolution of identity P on 
sp(6), acting on H , such that 



b = id„„/'^\ dP fin norm). 

Jsp{b) 'P^**^ 

This is usually written as 

b= f zdP{z). 
One says that P is the spectral resolution ofb. We have 

{by = p', 

and the support of P is all ofsp{b). 
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Proof. Let B be the C*-subalgebra of B{H) generated by b, b*, and 



1. It is commutative as b is normal. By (15.9), we may identify A(i?) 



with sp(6) in such a way that b becomes idg (-^-j, and existence follows. 
On the other hand, if Q is another resolution of identity on sp(6) with 



then 



p{b, b* 



zdQ{z) 



p{z,z)dQ{z) 



for all p G C[z, ^]. Uniqueness follows then from the Stone- Weierstrass 
Theorem, cf. the appendix (45.10) The statement concerning the 
commutants follows from the preceding theorem. D 



(35.6). Addendum. Let b be a normal bounded linear operator on a 
Hubert space H ^ {0}. Let P be the spectral resolution ofb. The map 

L'^{P) ^B{H) 
f + NiP)^npif) 



extends the operational calculus for b (15.10) 



C7(sp(6)) ^ B{H) 
f ^ fib). 



(35.7). Remark. The range of the operational calculus for b is the 
C*-subalgebra of B{H) generated by 6, 6*, and 1. We shall give a 
similar characterisation of the range of the extended map, see (39.12)| 
below. 



(35.8). Proposition. Let b be a normal hounded linear operator on 
a Hubert space H ^ {0}. Let P be its spectral resolution. A complex 
number A G sp(6) is an eigenvalue ofb if and only i/P({A}) ^ 0, 
i.e. if P has an atom at \, in which case the range o/P({A}) is the 
eigenspace corresponding to the eigenvalue A. 

Hence an isolated point of the spectrum ofb is an eigenvalue ofb. 
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Proof. Assume first that P({A}) ^ 0, and let 7^ x G if with 
P({ A }) X = X. For such x, we have 



hx 



zdP(z)x= / zdP(z)P({\})x 



/ zdP(z)+ / zdP(z 

Jsp{b)\{X} J{X} 



P({A})x 



AP({A})^= AP({A}) 



X 



Ax, 



so that X is an eigenvector of b to the eigenvalue A. Conversely, let 
X 7^ be an eigenvector of b to the eigenvalue A. For n > 1, consider 
the function /„ given by fn{z) = {X — z)~^ if | X — z \ > ^, and fn{z) = 
if I A - 2 I < -. We get 



7rp(/„)(Al -b) = 7rp(/„(A - id)) =P{{z:\ 
Since (Al — b)x = 0, we have 

P{{z:\z-X\>^J)x = 0. 



A|>i}). 



(34.20) , whence 



Letting n —* cxd, we obtain P({ 2; : 2; 7^ A }) x = 0, cf. 

P({ A }) X = X. The last statement follows from the fact that the 

support of P is all of sp(6). D 



(35.9). Definition (A* (A)). If A is a *-algebra, we denote the set of 
Hermitian multiplicative linear functionals on A by A* {A) and equip 



it with the weak* topology, cf. the appendix (45.3) 



(35.10). Definition (sp(7r),7r*). Let A be a commutative *-algebra. 
Let TT be a non-zero representation of A in a Hilbert space H 7^ {0}. 
Let B denote the closure of P(vr) in B{H). We define 

sp(7r) := {toti e€^ -.T e A{B) }. 

Then sp(7r) is a subset of A* (A) with sp(7r) U {0} weak* compact. 
Hence sp(7r) is a closed and locally compact subset of A* (A). The func- 
tions a\ /^\ (a G A) are dense in Co(sp(7r)) by the Stone- Weierstrass 



Theorem, cf. the appendix (45.10) The "adjoint" map 



TT* : A(P) -^ sp(7r) 
r I— i> r o TT 



is a homeomorphism. 
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Proof. For r G A(i?), the functional r o tt is non-zero by density of 
R{7i) in B. We have sp(7r) C A*{A) by |(14.19)[ Extend the "adjoint" 
map TT* to a map A(i?)U{0} -^ sp(7r)U{0}, taking to 0. The extended 
map is bijective and continuous by the universal property of the weak* 



topology, cf. the appendix (45.3) Since the domain A(_B) U {0} is 
compact (15.3), and the range sp(7r) U {0} is HausdorfF, it follows that 



the extended map is a homeomorphism, cf. the appendix (45.7) In 
particular, sp(7r) U {0} is compact, whence the statement. D 



(35.11). Remark. Assume that furthermore A is a normed *-algebra. 
Since a multiplicative linear functional on a Banach algebra is con- 
tractive (14.2) , we have the following facts. If vr is weakly continuous 



on Asa, then each r G sp(7r) is contractive on Asa, cf. (22.5), (22.7) 



Also, if vr is weakly continuous, then each r G sp(7r) is contractive, cf. 



(22.12) 



(35.12). Proposition. Let A be a commutative *-algebra. Let tt be a 
non-zero representation of A in a Hilbert space. Then 

sp(7r(a)) \ {0} = a (sp(7r)) \ {0} for all a & A, 

whence, by (7.6). 

II -nia) II = I a\„^(„\ \ for all a E A. 

II ^ ' II I iop(^7rj loo ■' 

Proof. If B denotes the closure of -R(7r), and a & A., then 

sp(7r(a)) \ {0} = Aa) (A(5)) \ {0} by [(l4l4)] 

= a(sp(7r))\{0}. D 



(35.13). Theorem (the Spectral Theorem for representations). Let tt 
be a non- degenerate representation of a commutative *-algebra A in a 
Hilbert space H ^ {0}. There then exists a unique resolution of identity 
P on sp(7r), acting on H , such that 



TT a 



sp(7r) 



isp 



i^\ dP (in norm) for 



all a & A. 



One says that P is the spectral resolution ofn. We have 

I T->l 

Ti = P , 

and the support of P is all o/sp(7r). 
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Proof. Uniqueness follows from the fact that the functions a\ /^\ 

(a G A) are dense in Co(sp(7r)), cf. (35.10) For existence, consider 
the closure B of R{it). It is a commutative C*-algebra acting non- 
degenerately on H. The spectral resolution Q of i? is a resolution of 
identity on A(i?) such that 

bdQ for all 6 G -B, 

B' = Q\ 

and such that the support of Q is all of A{B). Let P be the image of 
Q under the "adjoint" map 

71* : A{B) -^ sp(7r) 

r I— > r o TT, 



which is a homeomorphism, cf. |(35.10) (For the notion of an image of 



a spectral measure, recall (34.24) , and see the appendix |(46.5) - (46.8) 
For a G A, we have 

/ , ,^lsp(7r)^^= Tr{a)dQ = 7i{a), 
Jsp(7r) J 



cf. e.g. the appendix (46.8) Since -R(vr) is dense in B, we have 



Since the "adjoint" map vr* is a homeomorphism, it is clear that the 
support of P is all of sp(7r). D 



The uniqueness statement above presupposes that the resolution of 
identity lives on sp(7r). A stronger uniqueness statement goes like this: 



(35.14). Addendum. Let n be a non- degenerate representation of a 
commutative *-algebra A in a Hilbert space H ^ {0}. Let P be the 
spectral resolution of it. Assume that S is a subset of A* (A) with 
S U {0} weak* compact, and that Q is a resolution of identity on S, 
acting on H , with 

7r(a) = / 'd\gdQ (in norm) for all a E A. 

Assume also that the support of Q is all of S. Then S = sp(7r) and 
Q = P. 
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Proof. Let a E A. Then || n{a) \\ = \\ 'n'Q{a\g) \\ equals the quotient 
norm of a|^ in the quotient C*-algebra L°°[Q), cf 
any a > \\ 7r(a) ||, we have Q-almost everywhere that 



(34.23) 



Hence, for 

s\ < a, by 

definition of the quotient norm, see the appendix (44.1) (It is used 
that for X C R and a G R one has inf X < a if and only if there exists 
x e X with X < a. The "if" part is trivial. Conversely, if a < x for all 
a; G X, then a is a lower bound of X, and therefore a < inf X as inf X 
is the greatest lower bound of X.) Since a\g is continuous, the set 

T := I a G 5 : I a\g{a) | > || n(a) \\ } 

is an open subset of 5* with Q{T) = 0, by (34.20) Since by assumption 
the support of Q is all of S, it follows that actually T = 0. In other 
words 

I a{a) I = I a\g(a) I < || n(a) \\ (*) 

holds for all o" G 5 and all a G A. Consider any a E S. It is a Hermitian 
multiplicative linear functional on A, which vanishes on kervr, as is 
seen from (*). Thus a factors to a Hermitian multiplicative linear 
functional (f on -R(7r) such that (f(^7r{a)) = a{a) for all a E A. (The 
functional ip is not identically zero because a isn't.) The inequality (*) 
implies that (p is contractive, and so ip has a unique continuation to a 
Hermitian multiplicative linear functional r on the closure of -R(vr) in 
B{H). It is immediate that r o vr = cr, and consequently a E sp(7r). 
We have shown that S C sp(7r). We also have that S" is a closed 
subset of sp(7r). We thus may consider Q as a resolution of identity 
on sp('7r), whose support is S. Then Q = P by th e fact t hat the 

Hence 
D 



functions a 



sp(7r) 



also S = supp(Q) 



G A) are dense in Co(sp(7r)), cf. (35.10) 
supp(P) = sp(7r). 



We remark that we cannot take all of A* [A) as the space of decom- 
position, as it can fail to be locally compact. 



The hurried reader can go from here to chapter [TO] on unbounded 
self-adjoint operators. 
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§ 36. Von Neumann Algebras 

Let throughout H denote a Hilbert space. 

We now come to commutants and second commutants in B{H), 
which we encountered in the preceding paragraphs, especially § 13| and 



§23 



(36.1). Definition. Let S C B{H). The set of all operators in B{H) 
which commute with every operator in S is called the commutant of S 
and is denoted by S'. Please note that S C S". 

(36.2). Proposition. For two subsets S, T of B{H), we have 

TcS^S' CT'. 

(36.3). Theorem. For a subset S of B{H), we have 

S'" = S'. 

Proof. From S C S" it follows that {S")' C S'. Also S' C {S')". D 

Recall that we called a subset of a *-algebra *-stable (or self- 
adjoint), if with each element a, it also contains the adjoint a*, cf. 



(i3.i; 



(36.4). Proposition. Let S be a subset of B{H). If S is *-stable, 
then S' is a C*-algebra. 

(36.5). Definition. A von Neumann algebra or W*-algebra on H is 
a subset of B{H) which is the commutant of a *-stable subset of B{H). 

(36.6). Proposition. If H ^ {0}, then each von Neumann algebra 
on H is a unital C*-subalgebra of B{H). 

(36.7). Example. B{H) is a von Neumann algebra because B{H) = 
(Cl)'. If vr is a representation of a *-algebra in a Hilbert space, then 
tt' is a von Neumann algebra. 

(36.8). Remark. The term "W*-algebra" is also used in a wider sense 
for a C*-algebra which is isomorphic (as a C*-algebra) to a von 
Neumann algebra, see |64[ vol. I, Def. III. 3.1, p. 130]. 
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Von Neumann algebras come in pairs: 

(36.9). Theorem. Ij ^ is a von Neumann algebra, then 

(i) ^' is a von Neumann algebra, 
{ii) Jl" = Jl. 

The property in the following theorem is often taken as the defini- 
tion of von Neumann algebras. 

(36.10). Theorem. A C*-subalgebra A of B{H) is a von Neumann 
algebra if and only if A" = A. 

For two vectors x, y & H, we shall denote hj x Q y the bounded 
operator of rank one on H given hj {x Q y) z := {z, y) x {z E H). 

(36.11). Proposition. Let {xi}i^j be an orthonormal basis of H . If 
a G B{H) commutes with all the bounded operators Xi Xj {i,j G /), 
then a is a scalar multiple of the unit operator on H . 

Proof. If a commutes with each Xi Xj {i,j G /), we get 
{az,Xj) Xi = {z,Xj) axi for all z E H, i,jE I. 
Especially for z = Xk (/c G /), we obtain 

In particular we have 

{aXk,Xj) = for all k,jEl, k ^ j 

and 

{axj, Xj) Xi = aXi for all i,j G /. 

It follows that there exists some A G C such that 

{aXj,Xj) = A for all j G /. 

Thus 

{aXi,Xj) = \6ij for all i,j G /. D 

(36.12). Corollary. We have B{H)' = CI. In particular, CI is a 
von Neumann algebra. 
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(36.13). Proposition. If S is a *-stable subset of B{H), then the set 
S" is the smallest von Neumann algebra containing S. 

Proof. By the above, S" is a von Neumann algebra containing S. 
If ^ is a von Neumann algebra containing S, then 5* C ^ whence 
^' C S' and thus S" C ^" = J^ . D 

(36.14). Definition. If 5* is an arbitrary subset of B(H), we denote 
by W*{S) the smallest von Neumann algebra containing 5*. Obviously 
W*{S) = (SUS*)". One says that W*{S) is the von Neumann algebra 
generated by 5*. If vr is a representation of a *-algebra in a Hilbert 
space, we denote W*{7r) := W*{R{7r)), so that W*{7r) = R{-k)" = (vr')'. 

(36.15). Proposition. The von Neumann algebra generated by a 



normal subset (13.1) of B[H) is commutative. 



Proof. See |(13.5)[ D 



(36.16). Proposition. Let -k be a non- degenerate representation of a 
commutative *-algebra in a Hilbert space ^ {0}. Let P be the spectral 
resolution of n. We then have R{7ip) C W*{7i). In particular, for the 
spectral projections, we have P C W* (vr) . 

Proof. We have 

TTp' = P' = vr', 

(34.12)1 & 1(35.13)1 whence 



see 



R{7ip) C R{7Tp)" = {ttpJ = {tcJ = W*{7t). D 

(36.17). Proposition. Let ir be a non- degenerate representation of a 
commutative *-algebra in a Hilbert space ^ {0}. Let P be the spectral 
resolution of tt. Then np and n generate the same von Neumann 
algebra. Furthermore we have W*{'k) = W*{P). 

Proof. This follows again from np' = P' = vr'. D 

Please note that R{np) is merely the C*-algebra generated by P, cf. 



(34.11) On a non-separable Hilbert space, it can happen that W*{'k) 



is strictly larger than Rijip)., cf. (39.11) below. 
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(36.18). Theorem. Let ^ he a commutative von Neum,ann algebra 
on a Hubert space ^ {0}. Let P be the spectral resolution of ^ . We 
then have ^ = R{7Tp). 



Proof. By the Spectral Theorem we have ^ C R{'Kp), and by (36.16) 



we also have R{7Tp) C W*{^) = Jl . D 

(36.19). Definition {Si^{J{)). For a von Neumann algebra ^, we 
denote by ^(^) the set of projections in ^ . 

(36.20). Proposition. Let ^ be a commutative von Neumann alge- 
bra on a Hubert space ^ {0}. Let P be the spectral resolution of ^ . 
We then have S^{Jl) = P and Jl = span{^{^)) . 



Proof. This follows from ^ = R{np) = sp[n(P), cf. (36.18) & 



(34.11), and from the fact that every projection in R{tcp) is of the 



form P{uj), cf. (34.16) D 



(36.21). Theorem. A von Neumann algebra ^ satisfies 

J( = span(^(^)). 

For emphasis: a von Neumann algebra is the closed linear span of its 
projections. 

Proof. Let c G ^. Then c can be decomposed as c = a + 16 with 
a,b E ^sa- It now suffices to consider the commutative von Neumann 



algebras W\a), W\h) C ^, cf. (36.15) D 



The above theorem is of fundamental importance for representation 
theory. With its help, questions concerning a von Neumann algebra ^ 
can be transferred to questions concerning the set ^{^) of projections 



in ^ . E.g. Schur's Lemma (31.3) appears trivial in this light 



(36.22). Corollary. A von Neumann algebra ^ satisfies 

whence also J{ = W*[^{^)). 

A nice observation is the following one: 
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(36.23). Proposition. Let ^ he a commutative von Neumann alge- 
bra on a Hubert space ^ {0}. Let P be the spectral resolution of ^ . 
The imbedding o/ C(A(^)) into L°°{P) then is an isomorphism of 
C*-algebras. In particular, for a bounded Borel function f on A(^), 
there exists a unique continuous function which is P-a.e. equal to f . 

Proof. The mapping in question is an imbedding indeed as the sup- 
port of P is all of A(^), cf. (35.3)1 It is surjective by ^ = R{np) 
d.^ ^ 

cf. 



(36.18) It thus is a *-algebra isomorphism, and therefore isometric, 



5) D 



We shall need the following technical lemma. 

(36.24). Lemma. Let it be a representation of a *-algebra in H . Let 
h e W*{ji). We then also have ©„ & G W^*(©„7r). Furthermore, if x & 
®nH, and M := /?(©„'7r)x, then the closed subspace M is invariant 
under ®nb, and {®nb)\M ^ W^*((©n7r)|jv,/)- (Here, ©„ is shorthand 

Proof. The first statement follows from the fact that each element 
c of (©„ vr)' has a "matrix representation" {cmn)m,n with each Cmn ^ 
tt'. Clearly M is a closed subspace of ®nH, invariant under ©„7r. 
With p denoting the projection on M, it follows that p G (©„ vr)', cf. 



(23.5) From the first statement, we have ©„6 G iy*(©„7r), so that 



)„ b commutes with p, which in turn implies that M is invariant under 



„6, by (23.5) again. But then also (©n&)|Af G IV*((©„ vr)|A/). D 



The remainder of this paragraph won't be used in the sequel, though 
it is of considerable importance. We shall need the following somewhat 
lengthy definition. 

(36.25). Definition. The strong operator topology on B{H) is the 
locally convex topology induced by the seminorms 

a \-^ \\ax II {x G H). 

The weak operator topology on B{H) is the locally convex topology 
induced by the linear functionals 

at-^(ax,y) {x,y e H). 

The weak operator topology on B{H) is weaker than the strong 
operator topology on B{H) which in turn is weaker than the norm 
topology. 



174 8. REPRESENTATIONS BY NORMAL BOUNDED OPERATORS 

The cr-strong topology on B{H) is the locally convex topology 
induced by the seminorms 

1/2 

Ell II ^ ' 

II O'Xfi II 

n 

with {xn) any sequence in H such that ( || a;„ || ) G £^. 

The cr-weak topology on B{H) is the locally convex topology 
induced by the linear functionals 

a t^ ^ (ax„, Vn) 

n 

with (a;„), (?/„) any sequences in E. such that ( || a;„ || ), ( || Vn || ) G ^^• 

The cr-weak topology is weaker than the a-strong topology which 
in turn is weaker than the norm topology. 

Also, the weak operator topology is weaker than the cr-weak topo- 
logy, and similarly the strong operator topology is weaker that the 
cr-strong topology. 

(36.26). Theorem (von Neumann's Bicommutant Theorem). Let vr he 
a non-degenerate representation of a *-algebra in H. Then W*{'n') is the 
closure of -R('/r) in any of the four topologies: strong operator topology, 
weak operator topology, a-strong topology, and a-weak topology. 

Proof. It is easily seen that a von Neumann algebra is closed in the 
weak operator topology, and hence in all of the four topologies, because 
the weak operator topology is the weakest among them. Since the 
cr-strong topology is the strongest of these topologies, it suffices to 
prove that -R(vr) is cr-strongly dense in W*{7i). Let b G W*{7i). Let 
e > and let (x„) be a sequence in H with ( || x„ || ) G £^. It suffices 
to show that there exists an element a of the *-algebra such that 

1/2 

< e. 



f 5Z II {b-Tr{a))xn\\^] 



Consider x := ©„x„ E (BnH and put M := _R(©„7r)x. Now M is a 
closed subspace invariant and cyclic under ©„ vr, with cyclic vector x, 
cf. 1(23. 8)[ The closed subspace M is invariant under ©„ b by lemma 



(36.24) Since then (©„ b) x G M, there exists by definition of M an 
element a of the *-algebra with 

II (©„6)2;- (©„7r(a))a;|| <£. D 
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(36.27). Corollary. Let A be a *-subalgebra of B{H) acting non- 
degenerately on H . Then W*{A) is the closure of A in any of the four 
topologies: strong operator topology, weak operator topology, a-strong 
topology, and a-weak topology. 

(36.28). Corollary. The von Neumann algebras on H are precisely 
the C*-subalgebras of B{H) acting non- degenerately on H which are 
closed in any, hence all, of the four topologies: strong operator topology, 
weak operator topology, a-strong topology, and a-weak topology. 

(36.29). Remark. Some authors define von Neumann algebras as 
C*-algebras of bounded operators on a Hilbert space, wliicli are closed 
in the strong operator topology, say. This is a more inclusive defi- 
nition than ours, but one can always put oneself in our situation by 



considering a smaller Hilbert space, cf. (23.6) 



We mention here that among the four topologies considered above, 
the (T-weak topology is of greatest interest, because it actually is a 
weak* topology resulting from a predual of B{H), namely the Banach 
*-algebra of trace class operators on H, equipped with the trace-norm. 



CHAPTER 9 
Multiplication Operators and their Applications 

§ 37. Multiplication Operators 

(37.1). Definition (Mi(n)). If fi 7^ is a locally compact Hausdorff 
space, one denotes by Mi{fl) the set of inner regular Borel probability 



measures on fi, cf. the appendix |(46.1)| fc (46.3)[ 



(37.2). Theorem (multiplication operators). Let Q ^ be a locally 
compact Hausdorff space, and let ^ G Mi{Q). If g is a fixed fi-measur- 
able function on Q, one defines 

V{g):={feL'ili):gfeL'{ft)} 

as well as 

M^ig):Vig)^L\fi) 

One says that M^{g) is the multiplication operator with g. Then M^{g) 
is hounded if and only if g E ^°°(yu), in which case 

11^^(^)11 = ll^ll/U,oo. 

For M^{g) to be bounded, it suffices to be bounded on Cc(fi). 



Proof. If 5- G ^°°(/i), one sees that ||M^(5f)|| < ||5'||^,oo- The 
converse inequality is established as follows. Assume that 

II gh II i_i^2 ^ c II /i II ^^2 for all h G Cc(fi). 

It shall be proved that || g \\ ^,00 < c. Let A := {t E fl : \ g(t) | > c }, 
which is a /i-measurable set, and thus /i-integrable. We have to show 
that A is a /i-null set. For this it is enough to show that each compact 
subset of A is a /x-nuU set. (By inner regularity of the completion of fj,.) 
So let ii' be a compact subset of A. For h G Cc(fi) with Ix < /i < 1, 

177 
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we get 



1/2 II 



\g\ ^K dfj. < \g h^''^ \ dfi = \\ g h^^ 

Thus, by taking the infimum over all such functions h, we obtain 

r 

/ Igl'^lxdfi < c"^ fi{K). 

Since \g\ > c on K, the set K must be /x-null, whence A is a /i-null 
set. We have shown that \\ g\\ ^^oo < c. D 

(37.3). Lemma. Let fi G Mi{Q), where Q ^ is a locally compact 
H aus dor jf space. If a bounded linear operator b on L'^{fi) commutes with 
every M^{f) with f G Cc{^), then b = M^{g) for some g G ^°°{fi). 

Proof. Please note first that 1^ G =Sf ^(/i). For every / G Cd^) we 
have 

bf = b{M^,if)ln) = M^(/)(Wc) = M^if)g 

with g := 61q G =Sf ^(/i). We continue to compute 

M^,{f)g = fg = gf = M^{g)f. 

Thus the operators b and M^{g) coincide on CciP)- Then M^{g) is 
bounded by the last statement of the preceding theorem, and so (7 G 



^ °^(/i). By density of C,(fi) in L\fi), cf. p6:9)| it follows that b and 
M^{g) coincide everywhere. D 

(37.4). Definition (maximal commutative *-subalgebras). If if is a 
Hilbert space, then a maximal commutative *-subalgebra of B{H) is a 
commutative *-subalgebra of B{H) which is not properly contained in 
any other commutative *-subalgebra of B{H). 

(37.5). Proposition. If H is a Hilbert space, then a *-subalgebra A 
of B{H) is maximal commutative if and only if A' = A. 

Proof. For a = a* & A', the *-subalgebra generated by A and a is a 
commutative *-subalgebra of B{H). D 

In particular maximal commutative *-subalgebras of B{H) are von 
Neumann algebras. 
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(37.6). Corollary. Let n e Mi{n), with il ^ a locally compact 
Hausdorjf space. The mapping 

9 ^ M^ig) 

establishes an isomorphism of C*- algebras onto a maximal commutative 
*-subalgebra of B(^L^{fi)Y In short, one speaks of the maximal 
commutative von Neumann algebra L^{fi). 
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§ 38. The Spectral Representation 

In this paragraph, we shall consider a fixed cyclic representation tt 
of a commutative *-algebra A in a Hilbert space H ^ {0}. We shall 
denote by P the spectral resolution of tt. 

(38.1). Theorem. If c is a unit cyclic vector for tt, there exists a 
unique measure /i G Mi(sp(7r)) such that 

(7r(a)c, c) = ad^ for all a G A, 

namely yU = {Pc, c) . The representation -k then is spatially equivalent 
to the so-called spectral representation n^, given by 

a ^— s> M^(a). 

The philosophy is that the spectral representation tt^ is particularly 
simple as it acts through multiplication operators. 

Proof. Uniqueness follows from the fact that {a| /^n : a G A } is 



dense in Co(sp(7r)), cf. (35.10) Let i}) be the positive linear functional 
on A defined by 

ip{a) := (7r(a)c, c) (a G A). 
Putting /i := {Pc, c), it is clear that 

'ip{a) = / a\ r^\ dfi for all a E A. 

Jsp{tt) 

Now consider the dense subspace 

Ho := { 7r(a)c e H : a e A} 

of H. An isometry V : Ho —* -^^(/i) is constructed in the following way: 
For X = 7r(a)c G Ho, define Vx ■.= a & L'^if^)- K has to be verified that 
this is well-defined. So let 71(6)0 = 7r(a)c. For d & A we obtain 

ip{db) = {n{d)TT{b)c,c) = {ii{d)-n{a)c,c) = ip{da), 

whence 

r ^^ f ^^ 

d bdfi = d adfi for all c? G A, 

which implies 

fbdfi= fad^ for all / G Co(sp(7r)). 
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This means that the measures b ■ ^ and a ■ fi are equal, whence 

b = a /i-a.e. 

It shall next be shown that the mapping V defined so far is isometric. 
For a G A we have 

II 7r(a)c II ='i}j(a*a)= \a\ d^=\\a\\^^2 ■ 

It shall now be proved that 

Vn^a) = Tr^{a)V on Ho 
for all a & A. So let a G A be fixed. For x = 'K(b)c we have 
'K^{a)Vx = M^(a)Vx = M^(a)b = 2b 

as well as 

VTi{a)x = VTT{ab)c = {ab) = ab. 

The closure of V then is a unitary operator which intertwines vr and 



TT^, cf. (23.14) D 



(38.2). Proposition. // A furthermore is a commutative normed 
*-algebra, if ip is a state on A, and if in the above we choose ti := vr^, 
c := c^, then the measure obtained is essentially the same as the one 



provided by the abstract Bochner Theorem (30.7), cf. (35.11) 



(38.3). Theorem. Let c be a unit cyclic vector for tt, and let n = 
{Pc,c) G Mi(sp(7r)). For a Borel set uj in sp(7r) one defines 

Pf,{u):=Mf,{lu;)eB{L\fi)). 

The map 

then is a resolution of identity on sp(7r). Indeed we have 
{P^x,y) = xy ■ fi for allx,y e L'^ifi). 

The resolution of identity P^ is the spectral resolution ofir^. For every 
bounded Borel function f on sp(7r), we have 

It follows that the C*-algebra R{ttp ) is equal to the maximal com- 



mutative von Neumann algebra L°°{ij) (37.6). Indeed a function f G 



^'^{jj) is jji-a.e. equal to a bounded Borel (even Baire) function, cf. 



the appendix (46.10). 
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Proof. For a Borel set oj in sp(7r) and x,y in L^(/i), we have 
{Pn{uj)x,y) = {M^{luj)x,y) = / lujxydfi, 

whence 

{Pfix,y) = xy- fi. 

It follows that for each x & H, the measure {P^x, x) is an inner regular 
Borel measure on sp(7r), so that P^ is a resolution of identity on sp(7r). 
Next, for a G A, we have 



{7r^{a)x,y) = {M^{a)x,y) = axydfi= / ad{P^x,y) 
for all x,y E -^^(/i), which says that 

/ , ,^\sp{7r)dPf^= / ^ , «lsp(7ru) ^^/^ (weakly). 



7i-/ilaj 



/sp(7r) -'sp(7r^) 

(Please note here that sp(7r^) = sp(7r) as both representations are 
spatially equivalent.) This implies that P^ is the spectral resolution of 
TT^. For a bounded Borel function / on sp(7r), we have 

7rp^(/) = / fdP^ (weakly), 
so that for x,y & L'^if^) we get 

(7rp^(/)a;,y) = fd{P^x,y)= f xy d^ = {M^{f) x,y). 



This shows that 



^pM) = Maif). □ 



f^' 



(38.4). Theorem. Let Q be the restriction of P to the Baire sets. Then 

R{ixq) = R{7:p) = W*{ix) = ^' 
is a maximal commutative von Neumann algebra. 

Proof. Let c be a cyclic unit vector for tt and let /i be the measure 
{Pc,c). Then vr is spatially equivalent to vr^, cf. (38.1) Let S denote 
the restriction of P^ to the Baire sets. The equalities 

follow from the fact that R{tts) is a maximal commutative von Neu- 
mann algebra, cf. the last two statements of the preceding theorem 



(38.3) D 
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Please note that if vr is not necessarily cyclic, we merely have the 
inclusions 

R{nQ)cR{np)cW%n)C7i'. 



The last inclusion holds by commutativity of W*{tt), cf. (36.15) 



(38.5). Corollary (reducing subspaces). A closed subspace M of H 
reduces n if and only if M is the range of some P{oj), where u is a 
Borel (or even Baire) subset o/sp(7r). 

Proof. Let Q be the restriction of P to the Baire sets. Let M be 
a closed subspace of H and let p denote the projection on M. The 



subspace M reduces vr if and only if p e tt' = R{'Kq), cf. (23.5) and the 



preceding theorem. However a projection in R{itq) is of the form Q{uj) 



for some Baire subset tu of sp(7r), cf. (34.16) D 



Please note that the above statement does not explicitly involve 
any specific cyclic vector. 

(38.6). Remark. Let vr be a non-degenerate representation of a com- 
mutative *-algebra in a Hilbert space ^ {0}. Then vr is the direct sum 



of cyclic subrepresentations as has been shown in (23.13) Hence vr is 
spatially equivalent to a direct sum of spectral representations. Using 
some care, one can even give the operators in -R(7r) a representation as 
multiplication operators, but then these multiplication operators will 
in general live on a space larger than sp(7r). What is more, the measure 
won't be bounded in general. We refer the reader to Mosak |49l Thm. 
(7.11) p. 104]. We shall bypass this construction, and show instead that 
in the case of a separable Hilbert space (the case of interest), we can 
give the C*-algebra W*{tt) a faithful representation by multiplication 



operators living on sp(7r), see (39.1) However this new representation 



won't be implemented by a unitary operator like in a spatial equi- 
valence; it will only be a C*-algebra isomorphism. This may not be 
acceptable from the operator theoretic point of view, but it may still 
be so from the algebraic point of view. 
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§ 39. Separability: the Range 

(This paragraph and the next one can be skipped as a whole.) 
In this paragraph, let if be a Hilbert space ^ {0}. 

(39.1). Introduction. Let vr be a non-degenerate representation of a 
commutative *-algebra in if, and let P be the spectral resolution of vr. 
The representation vrp factors to an isomorphism of C*-algebras from 
L'^(P) onto R{ttp), cf. (34.23)[ It shall be shown in this paragraph that 



if H is separable, then (on the side of the range of the factored map) , the 



C*-algebra R{ttp) is all of the von Neumann algebra W*{it), cf. (36.16) 
It shall be shown in the next paragraph that if H is separable, then 
(on the side of the domain of the factored map), the C*-algebra L°^{P) 
can be identified with the maximal commutative von Neumann alge- 
bra L°°{{Px,x)) for some unit vector x (z H. Thus, in the case of a 
separable Hilbert space, the representation vrp factors to a C*-algebra 
isomorphism of von Neumann algebras. This C*-algebra isomorphism 
L°°{{Px,x)) -^ W*{'k) is called the L°° functional calculus . The in- 
verse of this map faithfully represents W*{Ti) by multiplication opera- 
tors living on sp(7r). (So much for the titles of these two paragraphs.) 



(39.2). Theorem. Let it be a non- degenerate representation of a com- 
mutative *-algebra in H . Let P he the spectral resolution of n, and let 
b G W*{7i). Then for any sequence (x„) in H, there exists a bounded 
Baire function f on sp(7r) with 

bxn = iTp{f) Xn for all n. 

Proof. We can assume that ( || a^n || ) € ^^. Let x := (BnXn £ ®nH, 
and put M := i?(©„7r) x. Then M is a closed subspace invariant and 



cyclic under ©„7r, with cyclic vector x, cf. (23.8) Let Q denote the 
spectral resolution of the cyclic representation {®n'^)\M- Let S denote 
the restriction of Q to the Baire sets. We have H^*((©n7r)|M) = R{t^s) 



by (38.4) By Lemma (36.24) , the closed subspace M is invariant under 
©„6, and {®nb)\M e iv*((©„7r)|A./). It follows that (©n&)|M G ^(vts), 
and so there exists a bounded Baire function / on sp(7r) with (©„6) |m = 
Tisif)- Since ttq = {®n'^p)\M by the uniqueness property of the spectral 
resolution, it follows that 6x„ = Tfpif) x„ for all n. D 

An immediate consequence is: 



§ 39. SEPARABILITY: THE RANGE 185 

(39.3). Theorem. Let tt be a non- degenerate representation of a com- 
mutative *-algebra in H. Let P be the spectral resolution of n, and let 
Q be the restriction of P to the Baire sets. If H is separable, then 

W*{7i) = Rinp) = Ri7iQ). 

(39.4). Definition (function of a normal bounded operator). Let b 
be a normal bounded linear operator on H. Let P be its spectral 
resolution. If / is a bounded Borel function on sp(6), one writes 

f{b):=np{f) = j fdP (in norm), 

and one says that f{b) is a bounded Borel function of b . 

Please note that the spectral projections P{tj) with u a Borel subset 
of sp(6), are bounded Borel functions of b, as P{uj) = 7rp(l^) = luj{b). 

(39.5). Theorem (von Neumann). Let b be a normal bounded linear 
operator on H. If H is separable, then a bounded linear operator on H 
is a bounded Borel function of b if and only if it commutes with every 
bounded linear operator in H which commutes with b. 



With a little effort, we can improve on|(39.3)j see (39.10) below. 



(39.6). Definition (Borel *-algebras [621 4.5.5]). A Borel *-algebra 
on iif is a C*-subalgebra ^ of B{H) such that J3^sa contains the supre- 
mum in B{H)sa of each increasing sequence in J3^sa which is upper 



bounded in B{H)sa- (Cf. (19.20) 



(39.7). Example. When P is a spectral measure, then R{tip) is a 



commutative Borel *-algebra containing 1. (Use (19.4) & (34.21 



Since the intersection of Borel *-algebras on iJ is a Borel *-algebra, 
questions can be raised on the Borel *-algebra generated by a set of 
operators. 

(39.8). Theorem. Let A be a commutative C*-subalgebra of B{H) 
containing 1. Let P be the spectral resolution of A, and let Q be the 
restriction of P to the Baire sets. Then R{t^q) is the Borel *-algebra 
generated by A. 
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Proof. By the preceding example, RItcq) is a Borel *-algebra con- 
taining A. It shall be shown that -R(vrQ) is the smallest Borel *-algebra 
containing A. For this purpose, let ^ be any other Borel *-algebra 
containing R{7t). It then suffices to show that 'n'p{f) G "^ whenever / 
is a bounded Baire function. It is enough to show this for / of the form 
f = Ilu where a; is a Baire set. (This is so because every bounded Baire 
function is the uniform limit of Baire step functions.) But then it suf- 
fices to show that vrp(/) G ^ whenever / is of the form / = 1| „ = q I 
for some g G C(A(A)) . This is so because the Baire cr-algebra is gener- 
ated by the sets of the form {g = 0} where g runs through C(A(A)) , 
cf. the appendix 1(46.1)1 One then concludes with 

(39.9). Corollary. A commutative Borel *-algebra SS containing 1 
and acting on a separable Hilbert space is a von Neumann algebra. 

Proof. Let P be the spectral resolution of ^ and let Q be the restric- 
tionof P to the B aire sets. We then have W*{^) = R{ttq) = ^, cf. 
(39.3)1 and pg^S)] D 



(39.10). Theorem. If P is a spectral measure acting on a separable 
Hilbert space, then R{'Kp) is a von Neumann algebra. 



(39.11). Remark. The theorem of von Neumann (39.5), and with it 
(39.3) and (39.10)[ fail to hold in non-separable Hilbert spaces, cf. 



Folland 



page 29]. 



Next three miscellaneous results on Borel *-algebras. 

(39.12). Theorem. Let h be a normal bounded linear operator on H . 
Let P be its spectral resolution. Then R{ttp) is the Borel *-algebra 



generated by b, b* and 1. See also (35.7) 



Proof. As sp(6) is a metric space, the Borel and Baire cr-algebras on 



sp(6) coincide, cf. the appendix (46.2) D 



The next corollary explains the name "Borel *-algebra" . 
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(39.13). Corollary. Let j3S be a Borel *-algebra containing 1. Ifbis 
a normal operator in SS , then every bounded Borel junction of b lies in 
SS . In particular the spectral resolution of b takes values in SS . 

Proof. By the preceding theorem, a bounded Borel function of b hes 
in the Borel *-algebra generated by 6,6* and 1, which is contained in 

One says that Borel *-algebras containing 1 have a Borel functional 
calculus. 

(39.14). Corollary. A Borel *-algebra containing 1 is the closed 
linear span of its projections. 



Proof. This is proved hke (36.21) D 
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§ 40. Separability: the Domain 

(This paragraph can be skipped at first reading.) 

Let throughout H denote a Hilbert space ^ {0}, and let A be a 
*-subalgebra of B{H). 

(40.1). Definition (separating vectors and cyclic vectors). A vector 
X E H is called separating for A, whenever ax = for some a E A 
implies a = 0. A vector x E H is called cyclic under A if Ax is dense 
in H, and in this case the *-algebra A is called cyclic. 

(40.2). Proposition. A vector x e H is cyclic under A if and only if 
it is separating for A'. 

Proof. Assume that x is cyclic under A, and let h E A' with hx = 0. 
Then for a E A, we have bax = abx = 0, whence 6 = as Ax is dense 
in H. Next assume that x is separating for A'. With p denot ing the 



projection on the closed subspace Ax, we have p E A' hy (23.5) , as well 



as px = X by (23.8) Thus t — p E A' and (1 — p)x = 0, which implies 
1 — p = as X is separating for A'. Hence p = 1, so a; is cyclic under 
A. D 

(40.3). Corollary. If A is a commutative cyclic *-subalgebra of B{H) 
with cyclic vector c, then c also is a separating vector for A. 

Proof. Since A is commutative, we have A (Z A'. D 

(40.4). Theorem. If A is commutative and if H is separable, then A 
has a separating vector. 

Proof. Let A be commutative and H separable. Then H is the 
countable direct sum of closed subspaces if„ {n > 1) invariant 
under A, and such that for each n > 1, the subspace if„ contains 



a unit cyclic vector Cn under A\h„ cf. (23.13) It shall be shown that 
the vector x := X]n>i 2~"'''^c„ E H is a separating vector for A. So let 
a E A with ax = 0. With p„ denoting the projection on the closed 



invariant subspace H^, we have p„ E A', cf. (23.5), and so 

aAcn = aApnX = AapnX = Apnax = {0}, 

which implies that a vanishes on Hn, hence everywhere. We have shown 
that X is separating for A. D 
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(40.5). Theorem. Let tt be a non- degenerate representation of a 
*-algebra in H. Assume that the *-algebra is commutative, and that 
H is separable. Then n is cyclic if and only if n' is commutative. 

This gives a characterisation of cyclicity in terms of only the 
algebraic structure of the commutant. 

Proof. The "only if" part holds without the assumption of separa- 



bility on H, cf. (38.4) The "if" part holds without the assumption 
of commutativity on the *-algebra, as we shall show next. If tt' is 
commutative, then since H is separable, vr' has a separating vector, 
which will be cyclic under vr. D 



(40.6). Definition (spatial equivalence). Two von Neumann algebras 
^i and ^2 acting on Hilbert spaces Hi and H2 respectively, are called 
spatially equivalent, if there exists a unitary operator U : Hi ^ H2 
such that U^iU~^ = ^2- 



(40.7). Theorem. For a commutative von Neumann algebra ^ on a 
separable Hilbert space 7^ {0}, the following statements are equivalent. 

{{) ^ is maximal commutative, 
[ii) M is cyclic, 

(iii) ^ is spatially equivalent to the maximal commutative von 
Neumann algebra L°°{^) for some inner regular Borel prob- 
ability measure fi on a locally compact Hausdorff space ^ 0. 



Proof , (i) ^ (ii): |(37.5)| and |(40.5)[ (ii) ^ (iii): |(36.18)| p8l)] and 



(38.3) (iii) ^ (i): (37.6) D 



We see that on separable Hilbert spaces 7^ {0}, the prototypes 
of the maximal commutative von Neumann algebras are the maximal 
commutative von Neumann algebras L°°{fi) with /i an inner regular 
Borel probability measure on a locally compact Hausdorff space. 

(40.8). Definition (scalar spectral measure). Let P be a spectral 
measure, defined on a a-algebra S. Then a probability measure fi, 
defined on £, is called a scalar spectral measure for P, if for u E £, 
one has P{uj) = precisely when //(cu) = 0. That is, P and fj, should 
be mutually absolutely continuous. 
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We restrict the definition of scalar spectral measures to probability 
measures for the reason that the applications - foremostly the crucial 



item (40.11) below - require bounded measures. 

The following two results deal with the existence of scalar spectral 
measures. 

(40.9). Proposition (separating vectors for spectral measures). Let 
P be a spectral measure, defined on a a-algebra S, and acting on H. 
Then for a unit vector x (z H , the probability measure {Px, x) is a 
scalar spectral measure for P if and only if x is separating for P. (In 
the obvious extended sense that for u & S, one has P{uj)x = only 
when P{uj) = 0.) 

Proof. For x & H and tu G £^, we have 

II P(u;)a:; II = {Px,x){uj), 

so P{uj)x = if and only if {Px,x){lj) = 0. Therefore x is separating 
for P if and only ii ui E £ and {Px,x){u!) = imply P(a;) = 0, i.e. if 
and only if (Px, x) is a scalar spectral measure. D 

(40.10). Theorem. Let P be a spectral measure acting on H . If H is 
separable, then there exists a unit vector x G H such that the probability 
measure {Px,x) is a scalar spectral measure for P. The vector x can 
be chosen to be any unit separating vector for P, for example any unit 
separating vector for Rijip). 



Proof. The range -R(vrp) has a separating vector by (40.4), D 



The next two results exhibit the purpose of scalar spectral measures. 

(40.11). Theorem. Let P be a spectral measure, defined on a a-algebra 
S. If P admits a probability measure fi, defined on S, as a scalar spectral 
measure, then we may identify the C*-algebras L°°{P) and L'^{fi). 

Proof. Assume that some probability measure /i, defined on S, is 
a scalar spectral measure for P. A function / in ^°°{fi) then is 
fx-a.e. equal to a function g G Aibi£), cf. the appendix |(46.12) and 



the function / is /x-a.e. zero if and only if the function g is P-a.e. 
zero. n 
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(40.12). Theorem. Let P be a spectral measure, defined on a a-algebra 
S. If P admits a probability measure fi, defined on S, as a scalar 
spectral measure, then np factors to a C*-algebra isomorphism from 
L°°{fi) onto R{ttp). 



Proof. This follows now from (34.23) D 



(40.13). Theorem. Let P be a spectral measure acting on H . If H 
is separable, there exists a unit vector x E H such that Tip factors to 
a C*-algebra isomorphism from L°°{{Px,x)) onto W*{P). The vector 
X can be chosen to be any unit vector in H , such that the probability 
measure {Px, x) is a scalar spectral measure for P, for example any 
unit separating vector for P, or even W*{P). 



Proof. Since H is separable, we know from (39.10) that R{ttp) is a von 
Neumann algebra, namely W*{ttp), which equals W*{P) by (34.12) 
The statement follows now from|(40.10) and (40.12) D 



(40.14). Theorem (the L°° functional calculus). Let tc be a non-degen- 
erate representation of a commutative *-algebra in H , and let P be the 
spectral resolution of n. If H is separable, there exists a unit vector 
X E H such that the probability measure {Px, x) is a scalar spectral 
measure for P, and in this case np factors to a C*-algebra isomorphism 
from L°°{{Px,x)) onto W*{7i). The vector x can be chosen to be any 
unit separating vector for P , for example any unit separating vector for 

W*(7l). 



Proof. This follows from |(39.3)||(40.10)| an d |(40.12)[ The result also 



follows from the preceding one together with |(36.17) D 



We also obtain the following representation theorem for commut- 
ative von Neumann algebras on separable Hilbert spaces ^ {0}. 

(40.15). Theorem. A commutative von Neumann algebra ^ on a 
separable Hilbert space ^ {0} is isomorphic as a C*-algebra to L°^{^) 
for some inner regular Borel probability measure fi on the compact 
H aus dor ff space A(^). The measure fi can be chosen to be any inner 
regular Borel probability measure fi on A(^) which is a scalar spectral 
measure for the spectral resolution of ^ . In this case, the support of 
fi is all of A{^), and every function in ^°°{fj,) is fj,-a.e. equal to a 
unique continuous function on A(^). 
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Proof. See |(36.23)| and the appendix |(46.10)[ D 

Please note that here we only have a C*-algebra isomorphism, while 



m 



(40.7) , we have a spatial equivalence of von Neumann algebras, which 



is a stronger condition. 



CHAPTER 10 
Single Unbounded Self-Adjoint Operators 

§ 41. Spectral Integrals of Unbounded Functions 

In this paragraph, let £^ be a a-algebra on a set fi 7^ 0, let H 7^ {0} 
be a Hilbert space, and let P be a spectral measure defined on £ and 
acting on H. 

We first have to extend the notion of "linear operator" . 

(41.1). Definition (linear operator in H). By a linear operator in H 
we mean a linear operator defined on a subspace of H, taking values in 
H. We stress that we then say: linear operator in if; not on H. The 
domain (of definition) of such a linear operator a is denoted by D{a). 

(41.2). Definition {M{£)). We shall denote by M{£) the set of 



complex-valued ^-measurable functions on ft, cf. the appendix, (46.5) 



We shall associate with each / G Ai{£) a linear operator in H, 
defined on a dense subspace Vj of H. Next the definition of Vj. 



(41.3). Proposition (Vf). Let f eM{£). One defines 

V^:= {x e H : f e ^\{Px,x))}. 
The set Vf is a dense subspace of H. 

Proof. For x,y ^ H and u; G £^, we have (the parallelogram identity): 

\\P{uj){x + y) II V \\ P{uj){x - y) \\^ = 2 ( || P(cj)x || ^ + \\ P{uj)y\\^), 
whence 

{P{uj){x + y), {x + y))<2{ {P{lo)x,x) + {P{u;)y,y)), 
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SO that Vf is closed under addition. It shall next be proved that Vf is 
dense in H. For n > 1 let u;„ := { 1/ | < n}. We have Vt = UnUJn as / 
is complex- valued. Let uj E S. For z in the range of P{ujn), we have 

P{UJ)Z = P{uo)P{uJn)z = P{UJ n UOn)z, 

SO that 

{Pz,z){u) = {Pz,z){ujnUJn), 

and therefore 

y I / I ' d{Pz, z) = jlfl'luj^ d{Pz, z)<n'\\zf<oo. 

This shows that the range of P{uJn) is contained in Vf. We have 

y = lim P{uJn)y 



for sW. y (^ H hy Vt = UnOJu and by (34.20) This says that Vj is dense 



mH. D 

(41.4). Definition (spectral integrals). Consider a linear operator a : 
H D D{a) ^ H, defined on a subspace D{a) of H. Let / G M{S). 
We write 

a = f dP (pointwise) 
if D{a) = Vf and if for all x G Vf and all h G 7Vlf,(£^) one has 

1/2 



II (a — 7rp(/i))x II = II / — /i II (Px x) 2 ^ ( / I / ~ ^ I d{Px,x) 

One writes 

a = f dP (weakly) 

if D{a) = Vf and 

(ax^x) = / fd{Px,x) 

for all X G P/. Then a is uniquely determined by / and P. 
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(41.5). Proposition. Let f e M{S) and let a be a linear operator in 
H. Assume that 



a = f dP (pointwise). 
We then also have 

a = f dP (weakly). 

In particular, a is uniquely determined by f and P. 

Proof. For n > 1, put /n := / 1/ i f i < j^j e Mbi£). For x e Vf, we 
get 

ax = lim 7Tp{fn)x 

n— >oo 

by the Lebesgue Dominated Convergence Theorem, whence, by the 
same theorem, 

{ax,x) = hm (7rp(/„)x,x) = hm / fnd{Px,x) = / fd{Px,x). D 



(41.6). Theorem (^p(/)). For f e M{S) there exists a (necessarily 
unique) linear operator \I/p(/) in H such that 



^p(/) = / f dP (pointwise). 



Proof. Let x G P/ be fixed. Look at A4h{S) as a subspace of 
^'^{{Px,x)). Consider the map 

I^:^\{Px,x))DMb{S)-^H, h^7Tp{h)x. 

Since Aibi£) is dense in =Sf ^((Px, x)), and since Ix is an isometry 
by (34.10)1 it follows that Ix has a unique continuation to an iso- 



metry L^ ( {Px, x) ) — > if, which shall also be denoted by Ix- Putting 
'^ p{f)x := Ix{f)i we obtain that '^ p{f) is an operator in H with do- 
main Vf. It shall be proved that 

^p(/) = fdP (pointwise). 
Let X G Vf. For h G Aibi^), we then have 

II (^p(/) - npih))x II = II /,.(/ -h)\\ = \\f-h II (p^,^), 2 

because Ix is an isometry. Also ^E'p(/) is linear because it is pointwise 
approximated by linear operators 7Tp{h). D 
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(41.7). Corollary. Let f e J^{£). Let a be a linear operator in H 
such that 



/ / dP (weakly). 



a 
We then also have 

a = f dP (pointwise). 

Proof. We have a = ^p(/) by ^p(/) = J f dP (weakly) as well. D 

(41.8). Proposition. Let f e M{£). For x e Vf, we then have 

\\^pif)^\\ = \\f\\{Pa:,x),2=[l\f\"d{Px,x)^ . 

Proof. Put /i := in \[^p(/) = J f dP (pointwise). D 

(41.9). Lemma. Let g G M{£) and x E Vg. Fory := '^p{g)x, we then 
have 

{Py,y) = \9\'^ ■ {Px,x). 
Moreover, for h E M.b{£) , we have 

Trp{h)y = ^!p{hg)x. 

Proof. With 5f„ := ^f 1 r i i ^ ^^ | for all n > 1, we have 
y = ^p{g)x = lim 7ip{g„)x. 

n— >oo 

For h E Aib{£), we obtain 

TCp{h)y = ■Kp{h)'^p{g)x = lim np{h)7rp{gn)x 

= lim '7ip{hgn)x = ^ p{hg)x. 

n— >oo 

The last equality follows from V^g D Vg by boundedness of h. In 
particular, from |(41.8) we get 



h I ^ d{Py, y) = \\ 'Rp{h)y || ^ = || '^ p{hg)x || ^ = / \hg\'^ d{Px, x) 
for all h E Aib{S)- This means that 

{Py,y) = 191"^ ■ {Px,x). D 
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We need some notation: 

(41.10). Definition (extension). If a and h are linear operators in H 
with respective domains D{a) and -D(&), one writes a C 6, if 6 is an 
extension of a, i.e. if D{a) C D{h) and ax = bx for all x G D{a). 

(41.11). Theorem (Addition and Multiplication Theorems). For f,g 
in A4{S) we have 

^p(/)^p(^) C^pifg). 
The precise domains are given by 

D(M/)+^p(^))=^|/H.|, 
D{^p{f)^p{g))=Vj,nVg. 

Proof. We shall first prove the part of the statement relating to ad- 
dition. Let f,g e Mi£). li x e /^(^p(/) + ^p{g)) := D{^p{f)) H 
D{'^p{g)), then f,g G ^'^{{Px,x)), whence f + g e ^'^{{Px,x)), so 
that X G T^f+g- It follows that 

^p{f + 9)x = ^p{f)x + '^p{g)x 
because \l/p is pointwise approximated by the linear map vrp. We have 

D(vl>p(/)+*p(^))=^|/H.|- 

Indeed, ii x & H, then for the complex-valued ^-measurable functions 
/ and g, we have that both /, (? G ^^((Px,x)) if and only if | / | + | (? | G 
^\{Px,x)). 

We shall now prove the part of the statement relating to composi- 
tion. Let g G M{S), x G Vg, and put y := '^p{g)x. Let / G M{£). 



Lemma (41.9) shows that y G T>f if and only if x G ^/g, and so 

D{mp{f) mp{g)) = Vfg n Vg if,g G Mi£)). 
For n > 1 define /„ := / 1|| ^ | ^ ^ |. If a; G Vfg n Vg, then f^g -> fg 



in ^^((Px,x)) and so /„ ^ / in ^\{Py,y)) by (41.9) Applying 



(41.9) with /i := /„, we obtain 

^p(/)^p(^)x = ^p{f)y = lim 7rp(/„)2/ 

n— >oo 

= lim *p(/„^)x = ^pifg)x. D 



198 10. SINGLE UNBOUNDED SELF-ADJOINT OPERATORS 

(41.12). Definition (self-adjoint linear operators). Let a be a linear 
operator in H defined on a dense subspace D{a). One defines 

D{a*) := {y E H : there exists y* E H with 

{ax,y) = {x,y*) for all x G D{a) }, 

which is a subspace of H. The associated y* is determined uniquely 
because D{a) is dense in H. Thus 

a*y := y* {y G D{a*)) 

determines a linear operator a* with domain D{a*) in H. The operator 
a* is called the adjoint of a. The operator a is called self-adjoint if 
a = a*, and symmetric if a C a* . 

(41.13). Definition (closed operators). A linear operator a in if with 
domain D[a) C H, is called closed, if its graph is closed in H x H. 

(41.14). Proposition. The adjoint of a densely defined linear opera- 
tor in H is closed. 

Proof. Let a be a densely defined linear operator in H. Let (|/„) be a 
sequence in D{a*) such that i/„ — ^ y, and a*yn -^ z in H. For x E D{a) 
we get 

{ax,y) = Urn {ax,yn) = lim {x,a*yn) = {x,z), 

n—>oo n— »oo 

whence y G D{a*) and a*y = z. D 

(41.15). Corollary. A self-adjoint linear operator in H is closed. 

(41.16). Proposition. If a,b are densely defined linear operators in 
H, and if ah is densely defined as well, then 

b*a* C (ab)*. 

Proof. Let x e D{ah) and y G D{h*a*). We get 

{ahx, y) = {bx, a*y) 
because hx G D{a) and y G D{a*). Similarly we have 

(bx, a*y) = {x, b*a*y) 
because x E D{b) and a*y E D{b*). It follows that 

{abx,y) = {x, b*a*y), 
whence y G D(^{ab)*) and {ab)*y = b*a*y. D 
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(41.17). Theorem. For f G M{S), the following statements hold: 

{a) \I/p(/) is closed, 
(m) ^p{f) * ^p{f) = ^p{\f\')= ^p{f) ^p{f)*. 

Proof, (i): For x e Vf, and y eVj = Vj we have 

{^p{f)x,y)= [ fd{Px,y)= [7d{Py,x) 



= (*p(/)y,x) = {x,^p{f)y), 

so that y E D{^p{f) *) and ^p(7) C ^p(/) *• In order to prove the 
reverse inclusion, consider the truncations /i„ := 1 r i ^ i ^ ^| for n > 1. 



The Multiphcation Theorem (41.11) gives 



^p(/)7rp(/in) ='r^p{fhn). 



One concludes with the help of (41.16) that 

vrp(/i„) ^p(/) * C [ ^p(/) 7rp(/i„) ] * = 7rp(//i„) * = 7rp(7/i„). 
For zeD{ ^p(/) * ) and w = ^p(/) * z it follows 

■Kp{hn)v = 7lp(fhn)z. 

Hence 

fhn\ d{Pz,z)= hnd{Pv,v) < {v,v) 



for all n > 1, so that z G Vj. 



(ii) follows from (i) together with (41.14) 



(iii) follows now from the Multiplication Theorem (41.11) because 
Vjj- C Vf by the Cauchy-Schwarz inequality: 

2 



/I d{Px,x) 



< / \f\U{Px,x)- / l2rf(Px,x). 



D 



(41.18). Corollary. If f is a real-valued function in A4{S), then 
^p(/) is a self-adjoint linear operator in H . 
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§ 42. The Spectral Theorem for Self-Adjoint Operators 

In this paragraph, let a : H D D{a) ^ H he a self-adjoint linear 
operator in a Hilbert space H ^ {0}, defined on a dense subspace D{a) 
oiH. 

(42.1). Definition (the spectrum). One says that A G C is a regular 
value of the self-adjoint linear operator a, if Al — a is injective as well 
as surjective onto H, and if its left inverse is bounded. The spectrum 
sp(a) of a is defined as the set of those complex numbers which are not 
regular values of a. 

(42.2). Theorem. The spectrum of the self-adjoint operator a is real. 

Proof. Let A G C \ R and let X =: a + i/3 with a and /3 real. For 
X G D{a), we get 

2 



((al - a) + i/5l)a; \\ = \\ {al - a)x T + (3^ \\ x T > p' 



X 



which shows that Al — a has a bounded left inverse. It remains to 
be shown that this left inverse is everywhere defined. It shall first be 
shown that the range R{X1 — a) is closed. Let (|/„) be a sequence in 
R{X1 — a) which converges to an element y & H. There then exists a 
sequence (a;„) in D{a) such that ?/„ = (Al — a)x„ for all n. Next we 
have 

II Xn-Xm\\ < I /3 r^ • II (Al - a){Xn - Xrn) \\ = \P\'^ ' || Z/n - ^/m ||, 

SO that (xn) is Cauchy and thus converges to some x E H. Since a is 



closed (4L15), this implies that x G D{a) and y = (Al — a)x, so that 
y G -R(A1 — a), which shows that -R(A1 — a) is closed. It shall be shown 
that i?(Al — a) = H. Let y E H he orthogonal to i?(Al — a). We have 
to show that y = 0. We get 

((Al — a)x, y) = = {x, 0) for all x G D{a), 

which means that (Al — a)*y = (Al — a)y exists and equals zero. It 
follows that y = because Al — a is injective by the above. D 

(42.3). Definition (the Cayley transform). The operator 

u := (a-il)(a + il)-^ 
is called the Cayley transform of a. 
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(42.4). Proposition. The Cayley transform u of a is unitary and 1 
is not an eigenvalue ofu. 



Proof. For x e Dia) we have 



iDx 



ax 



so that 



\l){a + iiy'y 



x\\ = II (a + il)a; 



for all y G D{u), 



which shows that u is isometric. It follows from the preceding theorem 
that u is bijective, hence unitary. Next, let x G D{a) and y := {a+il)x. 
We then have uy = {a — il)x. By subtraction we obtain {l — u)y = 2ix, 
so that if (1 — u)y = 0, then a; = 0, whence y = 0, which shows 
injectivity of 1 — -u. D 

(42.5). Proposition. Let 

u := (a-il)(a + il)-^ 
he the Cayley transform of a. For A G R, consider 

z/:=(A-i)(A + i)-\ 
Then A G sp(a) if and only if v E sp('u). 

Proof. We have 
u — vt 



{a -it 



A-i 



[a + il] 



ia + il] 



A + i L 
2i . 



A + i 



A + i 
(A + i)(a-il) -(A-i) (a + il) 

3- Al) ■ (a + il)-\ 



(a + il)-^ 



This shows that -u — z/1 is injective precisely when a — Al is so. Also, 
for the ranges, we have R{u — v\) = R{a — Al), so that the statement 
follows from the Closed Graph Theorem. (A left invertible operator is 
closed if and only if its left inverse is closed.) D 



(42.6). Corollary. The spectrum of a is a non-empty closed subset 
of the real line. In particular, it is locally compact. 
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Proof. The Moebius transformation A h-* z/ of the preceding proposi- 
tion [(42^5)] maps R U {oo} homeomorphically onto the unit circle, the 
point oo being mapped to 1. Now the spectrum of a unitary operator 
in a Hilbert space is a non-empty compact subset of the unit circle, cf. 



11.12) and (5.6) If a had empty spectrum, then the spectrum of its 



Cayley transform would consist of 1 alone, which would therefore be 



an eigenvalue, cf. (35.8) , in contradiction with (42.4) D 



(42.7). Proposition. Let b,c be two densely defined linear operators 
in H such that b G c. Then c* G b* . 



Proof. For x e D{b), and y e D{c*), we have 

{bx,y) = {x,c*y) 
because b C c. It follows that y e D{b*) and b*y = c*y, so c* Cb*. D 

(42.8). Definition (maximal symmetric operators). A symmetric 
operator in a Hilbert space is called maximal symmetric if it has no 
proper symmetric extension. 

(42.9). Proposition. The self-adjoint linear operator a is maximal 
symmetric. 

Proof. Suppose that 6 is a symmetric extension of a. By proposition 



(42.7) above, we then have 

b C b* C a* = a C b, 
so that a = b. D 

(42.10). Definition. A bounded linear operator c on i7 is said to 
commute with a if D{a) is invariant under c and cax = acx for all 
X G D{a). 

(42.11). Proposition. A bounded linear operator c on H commutes 
with a if and only if ca C ac. 

(42.12). Definition. The set of bounded linear operators on H 
commuting with a is denoted by {a}'. 



§ 42. THE SPECTRAL THEOREM FOR SELF-ADJOINT OPERATORS 203 

(42.13). Theorem (the Spectral Theorem for unbounded self-adjoint 
operators). For the self-adjoint linear operator a in H , there exists a 
unique resolution of identity P on sp(a), acting on H, such that 



id, 

sp(a) 



gr>((i) dP (pointwise). 



This is usually written as 

a= I \dP{\). 

One says that P is the spectral resolution of a. We have 

{a}' = P', 
and the support of P is all o/sp(a). 

We split the proof into two lemmata. 



(42.14). Lemma. Let u denote the Cayley transform of a. Let Q 
sp{u) \ {1}. The function 

k: A^(A-i)(A + i)-^ 



maps sp(a) homeomorphically onto Vl, cf. \(42.5). Let Q be the spectral 



resolution of u. Then Q{{1}) = 0, so that also 

u= idn dQ = idd{Q\Q) (pointwise). 

Let P := K~^{Q\n) be the image ofQln under k~^. Then P is a spectral 
resolution on sp(a) such that 

a = / idg /-q\ dP (pointwise). 
Jsp{a) 

Let conversely P be a resolution of identity on sp(a) such that 

a = / idg /-q\ dP (pointwise). 
Jsp{a) 

The image /t(P) of P under k, then is Q\n- 



204 



10. SINGLE UNBOUNDED SELF-ADJOINT OPERATORS 



Proof. We have Q{{1}) = as 1 is not an eigenvalue of u, see |(42.4)| 
and (35.8) Hence also 



u 



iddQ= / idndQ= / idd{Q\ 



As in (34.24) and the appendix (46.7) below, let 

P:=K-\Q\n) 
be the image of Q|q under k~^ and consider 

6:=^p(id)= fiddP= fidd{K-\Q\n)). 

By the appendix (46.8) below, we have 

b= [ k-UQ= [il^dQ. 



It shall be shown that b = a. Since 



1 - u = / (1 - id) dQ, 



the Multiplication Theorem (41.11 



gives 



b{l~u)= I i{l + id)dQ = i{l+u) 



iii) 



and in particular 

R{l-u) cD{b). 
On the other hand, for x G D{a), put 

(a + il) X =: z. 

We then have 

(a — il) a; = uz, 

so 

{1 — u) z = 2ix 

{1 + u) z = 2ax, 

whence 

a{l — u) z = a2ix = Ylax = i{\ + u) z 

for all z G R{a + il), which is equal to H as sp(a) is real, cf. (42.2) 
From {il) and {Hi) we have 

D{a) = R{l-u)(lD{b). {v) 

From {%) and {iv) it follows now that 6 is a self-adjoint extension of a. 
Since a is maximal symmetric (42.9) , this implies that a = b = \E'p(id). 



nzz) 



[tv 
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Let conversely P be a resolution of identity on sp(a) such that 



« = / , , id („) dP. 
'sp(a) 



Let R := k(-P) be the image of P under k and put 

t;:=^R(id)= fiddR= f id d{K{P)). 



By the appendix (46.8) again, we find 



KdP= I - — ^-dP, 
id + i 



so that the Multiplication Theorem (4L11) gives 



V {a + il) = a — il, 

or 

V = (a-il)(a + il)"^ = u. 
By the uniqueness of the spectral resolution, we must have 

K{P) = R = Q\n. n 

(42.15). Lemma. Ifu is the Cayley transform of a, then 

{a}' = {u}'. 

Proof. If c g {a}' then 

c(a±il) C (a±il)c, 

whence 

{a±il)-^c = c{a±iiy\ 

It follows that cu = uc. 

Conversely, let c G {u}' . From the formulae {iv) and (f ) of the 
preceding lemma, \ — u has range D{a), and 

a(l -m) = i(l +u). 

Therefore we have 

ca{l — u) = ic{l + u) 

= i{l + u)c 

= a (1 — m) c = a c (1 — m), 

whence c G {a}'. D 
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(42.16). Definition (function of a self-adjoint operator). Let P be 
the spectral resolution of the self-adjoint linear operator a. If / is a 
complex- valued Borel function on sp(a), one writes 

/(a) := ^p(/) = fdP (pointwise), 

and one says that /(a) is a function of a. 

We have actually shown the following: 

(42.17). Addendum. The Cayley transform 

u := (a-il)(a + il)"^ 
is the function K,{a) with 

K : sp(a) -^ C 

A ^ (A-i)(A + i)^^ 



Proof. See the proof of the converse part of lemma (42.14) D 
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§ 43. Application: an Initial Value Problem 

In this paragraph, let if be a Hilbert space 7^ {0}. 

(43.1). Definition. A function 

R^ B{H) 

t^Ut 

is called a strongly continuous one-parameter unitary group, if 

(z) Ut is unitary for all t G R, 

{a) Ut+s = Ut Us for all s, t G R, (the group property) 
{iii) for all x & H, the function t ^-^ UtX is continuous on R. 

(43.2). Definition (infinitesimal generator), li t ^^ Ut is a strongly 
continuous one-parameter unitary group in H, one says that the 
infinitesimal generator oi t ^-^ Ut is the linear operator a in H, with 
domain D{a) C H, characterised by 

1 d 



X G D(a), y = ax ^ 

^ ^^ idt 



Ut X exists and equals y. 



This is also written as 
1 d 
i dt 



Ut = a (pointwise). 



(43.3). Theorem. Let a be a self-adjoint linear operator in H , and let 
P he its spectral resolution. For t G R, we denote by Ut the bounded 
linear operator on H given by 

Ut := exp(— ita) = / exp(— itA) dP{\) (pointwise). 
Jsp{a) 

(Cf. (42.16)\) Then t ^^ Ut is a strongly continuous one-parameter 



UtX = aUgX 
t = s 



unitary group with infinitesimal generator a. One actually has 

1 d 

i dt 

for a// s G R and all x G D{a), i.e. t h^ UtX is a solution to the initial 
value problem 

— - — u(t)=au(t), u{0) = X. 

Please note that t ^-^ Ut is the Fourier transform of P. 
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Proof. The spectral resolution P of a lives on the spectrum of a, 
which is a subset of the real line, cf. (42.2) The fact that vrp is a 
representation in H implies therefore that Ut is unitary for all t G R, 
and that Ut+s = Ut Us for all s, t G R. Furthermore, the function t i— > 
Ut X is continuous on R for all x G -ff by the Dominated Convergence 
Theorem (34.18), Thus t i-^ f/j (t G R) is a strongly continuous one- 
parameter unitary group. We shall show that a is the infinitesimal 
generator oit^^Ut- For x & D{a) and t G R, we have 



(Ut X — x) — ax 



ft\'^d{Px,x), 



with 



ftW 



-- (exp(-itA) - 1 + itA) (A G R). 



By power series expansion of exp(— itA), one sees that ft^^O pointwise 
as t — >■ 0. We have | exp(is) — 1 1 < | s | for all real s (as chord length is 
smaller than arc length). It follows that | /i(A) | < 2 | A | for all t G R. 
Since A h-^ 2 | A | is a function in =Sf ^((Px, x)), the Lebesgue Dominated 
Convergence Theorem implies that 

^ (Utx 



lim 



it 



x] 



ax 



for all X & D(a) 



Thus, if b denotes the infinitesimal generator oi t \-^ Ut, we have shown 
that b is an extension of a. Now b is symmetric because for x, y E D{b) 
one has 



(-7^(f^ta;-a;),?/) 



1 



1 



{--{Ut-t)x,y) = {x,-{U^ty-y)). 

It follows that b = a because a is maximal symmetric, cf. |(42.9)[ The 
second statement follows from the group property oi t \—>- Ut and from 
the fact that Ut commutes with a by (42.13) and|(34.12) Please note 



also that D(a) is invariant under Ut, cf. (42.10) 



D 



This result is of prime importance for quantum mechanics, where 
the initial value problem is the Schrodinger equation for the evolution 
in time of the quantum mechanical state described by the vector Ut x. 
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Appendix 

§ 44. Quotient Spaces 

(44.1). Reminder. Let (A, | • |) be a normed space and B a closed 
suhspace of A. The quotient space A/B is defined as 

A/B := {a + B cA:aeA}. 

The canonical projection (here denoted by an underscore) 

_:A^ A/B 

a h^ a + B =: a 

is a linear map from A onto A/B. The definition 

I a I := inf {|c|:cGa} (oG A/B ) 

then defines a norm on A/B. It is called the quotient norm on A/B. 

(44.2). Theorem. Let {A, | • |) be a normed space and let B be a closed 
subspace of A. If A is a Banach space, then A/B is a Banach space. 
If both A/B and B are Banach spaces, then A is a Banach space. 

Proof. Assume first tliat A is complete. Let {ck)k>a be a Caucliy 
sequence in A/B. We can tlien find a subsequence (c?„)„>o of {ck)k>o 
sucli tliat 

I »ra+l — «„ I < Z 

for all n > 0. We construct a sequence (a„)„>o in A such that 

and 

for all n > 0. This is done as follows. Let a^ G d^. Suppose that a„ 
has been constructed and let dn+i G dn+i. We obtain 

inf { I dn+i - an + h\:h e B} = \ d^+i - o^ | = | d^+i - dn\ < 2"^"+^) 

so that there exists 6„+i G B such that 

M„+i - a„ + 6„+i I <2-("+i). 

We then put a„+i := dn+i+hn+i G dn+i- This achieves the construction 
of (a„)„>o as required. But then (a„)„>o is a Cauchy sequence in A and 
converges in A by assumption. By continuity of the projection, (rfn)n>o 
converges in A/B., so that also (cfc)fc>o converges in A/B. 
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Assume now that both A/ B and B are complete. Let (a„)„>o be 
a Cauchy sequence in A. Then (a„)„>o is a Cauchy sequence in A/ B 
because the projection is contractive. By assumption, there exists a G 
A such that 

a = hm a„. 

n— »oo 

For n > 0, we can find bn & B such that 

I (a — a„) + 6n I < I a ^ fln I H — • 

— n 

But then 

\bm-bn\ = \[{a- a„) + 6m ] - [ (a - «„) + &n ] + (a^ - a„) | 

1 , , 1 , 

< \a — am\-\ h a — a„ H h a™ — On , 

— m — n 

from which we see that {bn)n>o is a Cauchy sequence in B and conse- 
quently convergent to some element b in B. Finally we have 

I (a + 6) — a„ I < I (a — a„) + bn\ + \b — bn\ 

which implies that 

lim ttn = a + b. D 
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§ 45. Reminder on Topology 

We gather here the topological ingredients of the Commutative 
Gelfand-Naimark Theorem. 

(45.1). Theorem (the weak topology). Let X be a set. Let {Fijie/ 
be a family of topological spaces, and let {/ijie/ be a family of func- 
tions fi : X -^ Yi {i ^ I). Among the topologies on X for which all 
the functions fi {i G /) are continuous, there exists a coarsest topo- 
logy. It is the topology generated by the base consisting of all the 
sets of the form {^^^']- ft~^{Ot), where T is a finite subset of I and 
Ot is an open subset of Yt for all t G T. This topology is called the 
weak topology induced by {/jjie/. It is also called the initial topology 
induced by {/»}»£/. 

Proof. We refer the reader to [6l Prop. 1.4.8 p. 31]. D 

The philosophy is, that the weaker a topology is, the more quasi- 
compact subsets it has. 

(45.2). Theorem (the universal property). Let X be a topological 
space carrying the weak topology induced by a family {/j}je/. The 
following property is called the universal property of the weak topo- 
logy induced by {/i}je/. A function g from a topological space to X is 
continuous if and only if the compositions fiO g are continuous for all 

iel. 

Proof. We refer the reader to [6| Prop. 1.4.9 p. 31]. D 

(45.3). Definition (the weak* topology). Let A be a real or complex 
vector space, and let A* be its dual space. The weak* topology on A* 
is the weak topology induced by the evaluations a at elements a ^ A: 

a: A* ^Ror C 

i ^ a{i) ■= i{a). 

In particular, the evaluations a {a & A) are continuous in the weak* 
topology, and the weak* topology is the coarsest topology on A* such 
that these evaluations are continuous. The universal property of the 
weak* topology says that a function g from a topological space to A* 
is continuous with respect to the weak* topology on A* , if and only if 
the compositions a o g [a ^ A) are continuous. 
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(45.4) . Definition (separating the points) . Let JF be a set of functions 
defined on a set Q. The set J-' is said to separate the points of Q, if 
for X, y ^ Q with x ^ y, there exists a function / G JF such that 
fix) ^ f{y). 

(45.5). Proposition. Let X he a topological space carrying the weak 
topology induced by a family {fi}i^i of functions fi'.X^Yi {i E I). 
If the set { fi : i E I } separates the points of X, and if all the spaces 
Yi {i G /) are HausdorfJ, then X is Hausdorff. 

Proof. The proof is very easy and left as an exercise. Otherwise, see 
e.g. [SI Prop. 1.5.3 pp. 23 f.]. D 

In particular, the weak* topology is Hausdorff. 

The importance of the weak* topology stems for a large part from 
the following compactness result. 

(45.6). Theorem (Alaoglu's Theorem). Let A he a (possibly real) 
normed space, and let A' be its dual normed space. The closed unit 
ball in A' then is a compact Hausdorff space in the weak* topology. 

Proof. See e.g. [81 Thm. 2.5.2 p. 69]. D 

(45.7). Theorem. Let f be a continuous function from a quasi- 
compact space fl to a HausdorfJ space. Then f is a closed function 
(in the sense that f maps closed sets to closed sets). If f is injective, 
then f is an imbedding. If f is bijective, then f is a homeomorphism. 

Proof. A closed subset u of the quasi-compact space fl is quasi- 
compact, and so is its continuous image f{uj). The set /(tu) then is 
closed, as a quasi-compact subset of a Hausdorff space is closed. If 
/ is injective, then /:(]—> /(fi) is an open function (in the sense 
that / maps open sets to open sets). Indeed, if u is an open subset of 
fl, then f{fl) \ fioj) = f{fl \ u) is closed in f{fl). This implies that 
f : fl -^ f{fl) is a homeomorphism. That is, / is an imbedding. D 

(45.8). Corollary. The topology of a compact Hausdorff space can- 
not be strengthened without losing the quasi- compactness property, and 
it cannot be weakened without losing the HausdorfJ property. 
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(45.9). Definition (vanishing nowhere). Let JF be a set of functions 
defined on a set fi. The set T is said to vanish nowhere on ^2, if the 
functions in T have no common zero on i7. 

(45.10). Theorem (the Stone- Weierstrass Theorem). Let fi be a 
locally compact Hausdorff space. A *-subalgebra of Co{^), which 
separates the points ofQ, and which vanishes nowhere on Q, is dense 
in Co(fi). 

Proof. We refer the reader to P Cor. 4.3.5 p. 146]. D 

Please note that we need not only a subalgebra, but a *-subalgebra. 
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§ 46. Complements to Integration Theory 

(46.1). Definition (the Borel and Baire cr-algebras) . Let i7 be a 
Hausdorff space. The cr-algebra of Borel sets is defined as the cr-algebra 
generated by the open subsets of fi. The cr-algebra of Baire sets is 
defined as the cr-algebra generated by the sets { / = }, with / G C{Q). 

(46.2). Proposition. Every Baire set is a Borel set. On a metric 
space, the Baire and Borel sets coincide. (Distance function from a 
point to a fixed closed set.) 

(46.3). Definition (inner regular Borel probability measure). Let Q 
be a Hausdorff space 7^ 0. A Borel probability measure on fi is a 
probability measure defined on the Borel sets of Q. A Borel probability 
measure /i on fi is called inner regular, if for every Borel set u G Q, 
one has 

fi{u) = sup { fi{K) : if is a compact subset of tu }. 

We shall use the Riesz Representation Theorem in the following 
form. The proof follows easily from other versions of the Theorem. 

(46.4). Theorem (the Riesz Representation Theorem). Let il y^ 
be a locally compact Hausdorff space. Let i be a linear functional on 
Cc{^), which is positive in the sense that i{f) > for every f e Cc{^) 
with / > pointwise. Assume that i is bounded with norm 1 on the 
pre-C*-algebra Cc{^). There then exists a unique inner regular Borel 
probability measure fi on Q such that 

i{f) = jfdfi for every feC,{Q). 

(46.5). Definition (measurability). Let S, S' be two a-algebras on 
two non-empty sets Q, Q' respectively. A function f : Q ^ Q' is called 
£-£' measurable if /"^(tu') G £ for all u' G £'. A complex- valued 
function on Q is called £^-measurable , if it is ^-Borel measurable. A 
complex- valued function on Q is 6^-measurable if and only if its real and 
imaginary parts are, cf. |14[ Cor. 2.5 p. 45]. A real- valued function / 
on Q is £^-measurable if and only if{/<Q;}G£^ for all ct G R, cf. 
|14[ Prop. 2.3 p. 44]. A complex- valued function on a Hausdorff space 
is called a Borel function , if it is Borel-measurable, and it is called a 
Baire function, if it is Baire-measurable. 
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(46.6). Proposition. Every continuous complex-valued function is a 
Baire function. Every Baire function is a Borel function. 

Proof. The first statement follows from 

{Re(/)<a} = {(Re(/)-a)+ = 0}\{Re(/)-a = 0}. D 

(46.7). Definition (image measure). Let (f2,£^,/i) be a probability 
space. Let S' be a a-algebra on a set Q'. Let f : Q ^ Q' he an 
£-£' measurable function. The image measure /(/x) is defined as the 
measure 

/(/z):r^[0,l] 

^'^ ^^{^^{^'))■ 

That is, /(/u) = /x o f~^. If / has the meaning of a random variable on 
(i7,£,/i), then /(/i) is the distribution of the random variable /. 

(46.8). Theorem. Let (n,£,n) be a probability space. Let £' be a 
a-algebra on a set Q' . Let f : Q ^ Q' be an £-£' measurable function. 
For an £' -measurable function g, we have 

ge^'ififi)) ^gofe^'ifi) 

9 df{ii) = hgof)dix. 

Proof. Approximate positive £^'-measurable functions by increasing 
sequences of £^'-step functions and apply the Beppo Levi Principle. D 

The next result is well known. 

(46.9). Theorem. Let fi be an inner regular Borel probability measure 
on a locally compact Hausdorff space Q. For a function f G ^^ (/i) 
with 1 < p < oo, there exists a sequence { fn} ii^- Cc{^) which converges 
to f in ^^ (/i) and ^-almost everywhere. 

For a proof, see e.g. |12[ Thm. 6.15 p. 204]. 

(46.10). Corollary. Let /i be an inner regular Borel probability 
measure on a locally compact Hausdorff space Vt. Then a function in 
^°°{fi) is fi-a.e. equal to a bounded Baire function on Q. 
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Proof. Let f E J!f°°{fi). As // is a probability measure, we have 
-^°°(/i) C =Sf ^(/i), so we apply the preceding theorem with p = 1. 
Let { /„ } be a sequence as described. The trimmed function 

limsupj [Re(/„)A||Re(/)||^,ooln] V [ -|| Re (/) || ;,,oo In] | 

n— >oo '- -^ 

is a bounded Baire function which is fi-a.e. equal to Re (/). D 



We also have the similar result (46.12) For the proof, we need the 



following theorem, which is well known. 

(46.11). Theorem. Let {Q,S,^) be a probability space. Then a func- 
tion in ^^(/i) with 1 < p < oo is fj,-a.e. equal to a complex-valued 
S-measurable function on Q. 

For a proof, see e.g. |1H Thm. 3.2.13 p. 480]. 

(46.12). Corollary. Let {Q, S, /x) be a probability space. Then a func- 
tion in ^"^ (/i) is fi-a.e. equal to a bounded S-measurable function on 

n. 

Proof. Let / G =Sf °°(/i). As /i is a probability measure, we have 
=2'°°(/i) C ^^(/i), so we apply the preceding theorem with p = 1. 
There exists a real-valued £^-measurable function g on Q, which is 
/i-a.e. equal to Re (/). The trimmed function 

[gA\\Reif)\\^,^ln] V [-|| Re(/) ||^,oo In] 

then is a bounded £'-measurable function on Q, which is /i-a.e. equal 
toRe(/). D 
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